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Abstract. 



To the spectral curves of smooth periodic solutions of the ra-wave equation the points with 
infinite energy are added. The resulting spaces are considered as generalized Riemann surfcae. 
In general the genus is equal to infinity, nethertheless these Riemann surfaces are similar to 
compact Riemann surfaces. After proving a Riemann Roch Theorem we can carry over most of 
the constructions of the finite gap potentials to all smooth periodic potentials. The symplectic 
form turns out to be closely related to Serre duality. Finally we prove that all non-linear PDE's, 
which belong to the focussing case of the non-linear Schrodinger equation, have global solutions 
for arbitrary smooth periodic inital potantials. 
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1 Introduction 



The investigation of the Korteweg-de Vries equation initiated the development of many new 
ideas on integrable systems^. A large class of integrable systems was discovered, which turned 
out to be closely related to the theory of Riemann surfaces. In 1976 McKean and Trubowitz 
MK-T-lf succeeded to establish a one to one correspondence between periodic smooth solutions 



of the Korteweg-de Vries equation and divisors of Riemann surfaces of infinite genus. In 1980 
Adler and van Moerbeke [ A- vM]] and afterwards Reyman and Semenov-Tian-Shansky |[R-S-T 
generalized ideas of Krichever | [Kr-l |. In the finite dimensional case they showed that the La- 
grangian submanifolds are connected components of the Picard groupQ of compact Riemann 
surfaces. Moreover, the hamiltonian flows turned out to be given by the action of one dimen- 
sional subgroups of the Picard group on these Lagrangian submanifolds (see e.g. ||R-S-T|| ). It 
was clear that the same is true at least for the so called algebraic geometric solutions of the 
corresponding infinite dimensional systems. In consideration of the results of |[MK-T-1| and 



[MK-T-2| it is natural to expect that this correspondence could be generalized to non-algebraic 
geometric solutions. Unfortunately there does not exist a Riemann surface with an infinite 
dimensional Picard group. Either the Riemann surface is compact and the corresponding Pi- 
card group is finite dimensional, or the Riemann surface is not compact and the corresponding 
Picard group is trivial. 

McKean and Trubowitz overcame this problem by using another space associated to a 
Riemann surface instead of a connected component of the Picard group. The first homology 
group has a natural embedding into the dual space of the holomorphic forms. This embedding 
may be described by the integration of the holomorphic forms over representative 1-cycles. For 
compact Riemann surfaces the Jacobian variety, the connected component of the identity of 
the Picard group, is isomorphic to the quotient of the dual space of the holomorphic forms 
divided by the first homology group. This quotient turns out to be a compact abelian group. 
For Riemann surfaces of infinite genus the natural generalization of this quotient is the dual of 
the Hilbert space of holomorphic forms divided by the closure of the first homology group. In 
IIMK-T- 



fact, 



m 



it is proven, that the real part of this quotient is a compact abelian group. 
Moreover, this group can be identified with all divisors corresponding to the potentials out 
of the isospectral sets. For compact Riemann surfaces it is possible to define the solutions 
directly as functions on these compact abelian groups: Multivalued holomorphic functions on 
these groups are called theta functions. The Its Matveev formula ||I-M|| gives solutions of the 
Korteweg-de Vries equation in terms of these theta functions. McKean and Trubowitz were 
able to construct such theta functions on the infinite dimensional quotient space of square 
integrable holomorphic forms divided by the first homology group of some Riemann surface of 
infinite genus. In ||MK-T-2|| the Its Matveev formula is proven even in this situation. Now in 
general for Riemann surfaces of infinite genus there are two possibilities: Either we use these 



^We commend the review [D-K-N]. 

•^The Picard group of a Riemann surface is defined to be the set of ah equivalence classes of holomorphic 
line bundles together with the multiplication induced by the tensor product of line bundles. In this article we 
will often use divisors to describe line bundles. This is possible if the line bundle admits a meromorphic cross 
section. For Riemann surfaces in the correct sense this is always true (see e.g.[Fo, 29.17]). We do not know 



whether this is true for the generalized Riemann surfaces considered in this article. But the line bundles we are 
interested in admit always meromorphic cross sections. 
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theta functions^, or we characterize those divisors, which correspond to the potentials. In the 
first approach the correspondence between line bundles and potentials may be omitted. We 
choose the second approach, which refers back to the Picard group: Due to Abel's Theorem 
for compact Riemann surfaces the elements of the quotient space of holomorphic forms divided 
by the first homology group are in one to one correspondence with the equivalence classes of 



divisors of degree zero. The methods of ||MK-T-1|] and [[MK-T-2|| suggest a modification of the 



equivalence relation in the case of non-compact Riemann surfaces of infinite genus. Only those 
meromorphic functions have a divisor equivalent to the zero divisor in this modified sense, 
which are bounded in some sense near infinity. 

This paper gives a slightly different and more geometric approach to the Picard group of 
Riemann surfaces of infinite genus. Similar to the algebraic geometric case we add to the 
spectral curve some points corresponding to the value A = oo of the spectral parameter. In 
every neighbourhood of the form |A| > 1/e of these points there are in general infinitely many 
branchpoints. Hence the resulting space is not a Riemann surface in the correct sense. Now 
we define a base of neighbourhoods of such points, such that in some neighbourhood of these 
points there are no branchpoints. Together with the usual topology of the spectral curve this 
gives a topology on the resulting space. Typically these neighbourhoods are of the following 
form: 

Ia-. 

with some e > 0, some sequence (a„)„gN5 which converges to zero, and some positive sequence 
(cn)neN5 which converges much faster to zero, than the sequence (|a„|)„gN- 



lA^^I < e, |A"^ - a„| > — for all G N 



• • • • 



Figure 1 

In figure 1 we draw a schematic picture of such a neighbourhood in the 1 / A-plane. Now we call 
a function / on such a set holomorphic, if 

(i) / is holomorphic on the interior of this set with respect to the usual topology of C, 

(ii) / and all derivatives of / extend to continuous functions on the whole set with respect to 

the topology defined by these neighbourhoods. 



To the authors knowledge this is done in | F-K-T ] 
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This definition makes it possible to carry over almost all concepts of the theory of Riemann 
surfaces to these generalized Riemann surfaces. For example the sheaves of holomorphic and 
meromorphic functions, and the sheaves of holomorphic and meromorphic forms are defined 
in a natural way, respectively. Furthermore, the concept of holomorphic line bundles and of 
divisors may be generalized to this situation. 

These generalized Riemann surfaces turn out to be similar to compact Riemann surfaces, 
although they are not compact. For example all global holomorphic functions are constant, and 
their Picard groups are very large. A large part of the article will be devoted to an analysis 
of these Picard groups. It turns out that the smooth periodic solutions of the generalized 
nonlinear Schrodinger equation are in one to one correspondence with some part of the Picard 
groups. 

In some sense the nonlinear Schrodinger equation is the simplest case of those integrable 
systems, which may be described by some Lax equation or some zero curvature equation^ In 
this article we restrict attention to the generalization of the nonlinear Schrodinger equation to 
semisimple Lie groups introduced in ||F-K|| . It will not suffice to look at the nonlinear Schro- 



dinger equation only, because a simple count of dimensions in the infinite dimensional case 
suggests that the systems corresponding to higher groups than SL{2, C) are not integrableQ. 
Indeed, the number of series of integrals are equal to the rank of the group and the number 
of fields is equal to the dimension of the group minus the rank of the group. This article 
shows that the generalized nonlinear Schrodinger equation is quite similar to the nonlinear 
Schrodinger equation in the case of periodic boundary conditions^. We believe that almost 
all methods and results of this paper may be generalized to other integrable systems, as for 
example the generalized sine Gordon and the sinh Gordon equation. The case of the two 
dimensional Kadomtsev-Petviashvili equation seems to be more complicated. Some of the 
ideas of Appendix P may be helpful. 

It is possible to modify these methods in order to cover all potentials, which are elements 
of some Sobolev spaces, instead of the Frechet space of smooth periodic potentials. For this 
purpose the topology of the Riemann surface will have to be changed. Furthermore, condition 
(ii) of the definition of holomorphic functions on these neighbourhoods described above has to 
be replaced by 

(ii)' / and all derivatives up to some fixed order extend to continuous functions on the whole 
set. 

In this article only the smooth case is covered. Then the resulting Riemann surfaces seem to 
be more similar to usual Riemann surfaces. 

Let us now give a short summary of the article. In H-S-S|| it is shown that the Floquet 



matrix^ may be diagonalized formally by a matrix valued formal power series in A-^ In the 
second section we prove that this power series is an asymptotic expansion of a holomorphic 
diagonalization. The domain of this asymptotic expansion is chosen to be as large as possible. 



""The nonlinear Schrodinger equation is the standard example of |F-T]. 
*5 Compare with 



^On the line this might be different. Then all Riemann surfaces are singular. For higher groups all isospectral 
sets may decompose into uncountable many components with respect to the action of the Picard group. Hence 



there may be additional integrals of motion (see Example 10.7). Due to Proposition 10.1 this is impossible for 
GL(2,C) and 5L(2,C). 

^This matrix is the same as the monodromy matrix. 
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This domain is used in the third section to define the topology of the completed spectral 
curve. The resulting space is a Riemann surface in the sense described above. Moreover, we 
prove that all global holomorphic functions are constant (Lemma |3.3| ) and that the total residue 
of meromorphic differential forms is zero (Theorem |3.5| ). Finally the divisor of a meromorphic 
function is shown to be an infinite sum of finite divisors of degree zero (Corollary |3.6|) . With 
the exception of a finite part of the divisor each of these finite divisors are located in one of the 
domains, which are excluded from the neighbourhoods of points corresponding to A = cxd as 
described above. Hence the degree of a divisor turns out to be a sequence of degrees of finite 
divisors indexed by the excluded domains. 

In the fourth section the eigen vectors of the monodromy are shown to define holomorphic 
line bundles over this Riemann surface. It turns out that the Riemann surfaces corresponding 
to some potentials are singular. This case is treated separately in the tenth section. The degree 
of the eigen bundle is determined in Theorem [4.6| . Finally it is shown that the Riemann surface 
together with the eigen bundle completely determines the potential. 

In order to classify all line bundles, which are equivalent to the eigen bundle of some 
potential, a Riemann-Roch Theorem for the generalized Riemann surfaces is proven in the 
fifth section. A condition on divisors is given, such that the space of global sections is finite 
dimensional and the space of holomorphic forms with values in the dual line bundle is finite 
dimensional, too (Theorem |5.5| ). In a general situation all integral divisors of a specified degree 
fulfil this condition (Corollary |5.11| ). Hence the topology defined above essentially determines 



the location properties of these divisors. 

Now the classification of all eigen bundles of the potentials is given in Theorem |6.6| . Further- 
more the one to one correspondence between potentials and divisors defines a homeomorphism 
with respect to a suitable topology on the set of these divisors. 

The seventh section is a short excursion on Darboux coordinates^ These Darboux coor- 
dinates are given by the values of the spectral parameter A and the logarithm of the values 
of the Floquet multiplier fi (eigenvalues of the monodromy) at all points of the divisor, which 
describes the eigen bundles corresponding to the potentials. In case of the Korteweg-de Vries 
equation this was proven in |P-T] , Theorem 2.8 and Theorem 3.5]. This book gives a compre- 
hensive picture of these coordinates. In the finite dimensional case the analogous result was 
recently proven in |[A-H-H |. 

To the authors knowledge the main result of the eighth section is new even in the finite 
dimensional case. Theorem ^]5| shows that the symplectic form is given by the Serre duality. 
Loosely speaking the tangent space may be identified with the direct sum of the first cohomology 
group of the sheaf of holomorphic functions on the spectral curve and the space of holomorphic 
forms on the spectral curve. The first summand is naturally isomorphic to the Lie algebra of 
the Picard group and therefore also isomorphic to the tangent space along the corresponding 
Lagrangian submanifold. The second summand is isomorphic to any maximal isotropic subspace 
of the tangent space transversal to the tangent space along the Lagrangian submanifold. Then 



the symplectic form defines a non-degenerate pairing between these two spaces. Theorem S.5 



shows that this pairing is the same as the pairing given by Serre duality]^. This relation 
^In Example 10.3 it is shown that in general they are not global coordinates. 

^"^For compact Riemann surfaces Serre duality is isomorphic to a natural symplectic form of the Riemann sur- 
face. In fact, the wedge product and integration over the Riemann surface together defines a natural symplectic 
form on the first cohomology group of the deRham complex and the decomposition into the direct sum of the 
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might be the central point of the connection between Riemann surfaces and integrable systems. 



Theorem |8.5| proves in addition that these systems are completely integrable in a weak sense: 
the tangent space along the Lagrangian submanifolds is shown to be maximal isotropic with 
respect to the symplectic form. 

In the ninth section we formulate a reality condition. In case of the nonlinear Schrodinger 
equation this yields the self-focussing nonlinear Schrodinger equation]^. Summing up Corol- 



lary 9.11 and Corollary 10. C: leads to the following picture: All isospectral sets are homoemor- 



phic to finite unions of groups of the form 

{R / Z)'^'^^'^^^"'^ times a finite dimensional abelian Lie group. 

Here Xeffective is some countable set. Moreover, all tangent vectors along the isospectral set 
correspond to a hamiltonian fiow on this isospectral set. In particular all partial differential 
equations, which describe such hamiltonian flows corresponding to local integrals of motion 
H-S-SII and ||Sch|| ), are shown to have global solutions^. 



see 



In Appendix A we show that the formal power series, which diagonalizes the monodromy, 
is Borel summable if and only if the potential is analytic. Hence the asymptotic expansion 
of the eigen vectors completely determines the potential (and therefore also the meromorphic 
eigenvector function) if and only if the potential is analytic. 

In Appendix B we include another reality condition in our approach. In case of the nonlinear 
Schrodinger equation this gives the non-focussing nonlinear Schrodinger equation]^ It turns 
out that the two reality conditions are related to the two covering maps of the Riemann surface 
induced by the spectral parameter and the Floquet multiplier, respectively. 

In some footnotes we mark those parts of the article, which may be passed over, if only a 
rough comprehension is intended. 



2 An asymptotic expansion 



Let p be a diagonal matrix p = diagonal{pi, . . . ,Pn), such that all Pi are distinct and let q{x) 
be a smooth function into the n x n-matrices, which is periodic with period 1. Let us flrst 
consider the fundamental solution of the auxiliary problem 

L- g{x,X,q) = 0, giO,X,q) = 1 , 

with the Lax operator L = + q{x) + \p. The following well known lemma will give us a 
power series expansion of g. 

Lemma 2.1 Let g{x) be the unique fundamental solution of the homogenous differential equa- 
tion 

(-^ + aix)\gix)=0, giO) = l. 



space of hoplomorphic and antiliolomorphic forms is a decomposition into Lagrangian subspaces with respect 
to this symplectic form. Due to Dolbeault's Theorem this decomposition of the first cohomology group of the 
deRham complex is isomorphic the direct sum of the space of holomorphic forms and the first cohomology group 
of the sheaf of holomorphic functions and this isomorphism transforms the symplectic form into Serre duality. 
^^The methods of |MK-T-1] do not cover this case. 

^^By pure analytic methods this is proven in |Bc] for some of these partial differential equations. 
^•^The methods of [MK-T-l] can be carried over to this case. 
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Then f{x) = g{x) {Jq g ^(t)b(t)dt + /o) is the unique solution of the inhomogeneous differential 
equation 

(j^ + a{x)^f{x) = b{x), /(0) = /o. 

We omit the easy proof. □ 
Now we make an ansatz for the fundamental solution g{x) with a{x) = q{x) + pX. 

oo 

g{x,X,q) =J27n{x,X,q) (1) 



with 7o(x, A) = exp(-xAp) and f ^ + ^Pj In+iix, A, q) = -g(x)7n(a;, A, q). 



Due to Lemma we obtain the recursion relation 

ex 



7„+i(a;, A, g) = - / 7o(x - t, A)g(t)7„(t, A, q)dt, 
Jo 

and finally the explicit solution 7n(x, A, q) = 

= (-1)" / loix - t„, A)g(t„)7o(t„ - A)...g(ti)7o(ti, X)dti...dtn. (2) 

JO<ii<...<i„<x 

On the space of potentials q we make use of the natural scalar product 

{q^ q) = lo {Q{t)(l*{'t)) dt and the corresponding norm ||g||. Although, in the end we are only 
interested in smooth periodic potentials, we consider the fundamental solution g for arbitrary q 
in the Hilbert space Ti corresponding to the above scalar product. The space of n x n- matrices 
is endowed with the Banach norm of operators of the Hilbert space C". 

Theorem 2.2 The formal power series for g{x, A, q) converge uniformly on bounded subsets 
of [0, 1] X C X 7"^ to the unique solution of the auxiliary problem. For each fixed x and q, g{x, ■, q) 
is an entire function. 



This result compares with Theorem 1 of |P-T|| in the case of Hill's equation. 
Proof: For 70(0:, A) we start with the obvious bound 

||7o(x. A) II = exp (x ■ sup {^{Xpi)\i = 1, . . . ,n}) . 

Inserting this estimate into gives 

||7n(x,A,g)|| < \\j,{x,X)\\^ (^£\\q{t)\\dty 

For the last factor we give a bound in terms of ||g|| : 

\\q{t)\\dt < sup {1 (g,g) | ||| gf = x} = \\q 

In fact this is true because on the space of tt, x n-matrices we have 

\\A\\ < sup {\tT{AB)\ \tT{BB*) = l}. 
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Inserting this bound into (|I]) finally gives 

g{x, A, q) < exp (x ■ sup {^{Xpt) \ i = 1, . . . ,n} + ||g||v^) . 

This shows the convergence of g{x, A, q). The uniqueness is well known. All summands of the 
expansion (|l|) are entire functions with respect to A for fixed x and q. Hence g{x,-, q) is entire, 
too. □ 
Now let g be a small perturbation of g : Hg — gll < e. Then formula (0) implies 



|7„(x,A,g) -7„(x,A,g)|| < nev/x||7o(x, A)||^ ((||g|| +t)^^ 



{n-l)\ 

This proves the 



n-l 

< 



< ev^||7o(x, A)|| ^ ((||g|| +e)v^_ 



Corollary 2.3 If q and q satisfy ||g — g|| < e, the following estimate holds: 
\\g{x,\q) - g{x,\,q)\\ < ev/x||7o(x, A)|| exp ((||g|| + e)^/x 



□ 

Let us now recall, how the fundamental solution transforms under gauge transformations. If 
g{x) is the fundamental solution of 

(J^ + a{x)jg{x) = 0, g{0) = l 

and if h{x) is a differentiable function into GL{n, C), then g{x) = h^^{x)g{x)h{0) is the funda- 
mental solution of 

l-^ + d{x)\g{x) = 0, ^(0) = 1 with a{x) = Ad{h~\x))a{x) + h-\x)^^^4-^. 
\dx J dx 

In the case, in which both a{x) and h{x) are periodic with period 1, the Floquet matrix g{l) 
transforms to ^(1) = Ad{h~^{0))g{l). This shows that whenever a periodic h{x) 'diagonalizes' 
the operator ^ + a(x), which means that d{x) is a diagonal matrix for all x, then h{0) diagonal- 
izes the Floquet matrix g{l). The next theorem from |P3-S-S|| presents a formal diagonalization 
of the foregoing Lax operator. The rest of this sections concerns the analytic content of this 
formal diagonalization. 

Theorem 2.4 Let q be a smooth periodic potential. Then there exist two series 

ai{x), a2{x), . . . of off diagonal matrices and 
bo{x), bi{x), ... of diagonal matrices, respectively, 

such that am+i{x) and bm{x) are differential polynomials in q{x) with derivatives of order m at 
most and the following equality for formal power series of X^^ holds: 

L + £ aUx)X~'A = + E aUx)X~A (^+pX+Y^ bUx)X~A . (3) 

V m=l / V m=l / V'^"'' m=0 / 
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In the particular case where q is only M times differentiahle, there exists an e > and c > 0, 
such that for all |A|~^ < e, x G [0, 1] 



/ M+i \ "1 / M+l \ d 

\ m=l / \ m=l / "'^ m=0 



< 



|A|Am- 



(4) 



Proof: We solve inductively the ansatz (0) in all powers of A ^. For the power A° we obtain 
the equation 

q{x) = [ai{x),p] - boix). (5) 

Since all diagonal entries of p are distinct, ad{p) is invertible on the space of all off diagonal 
matrices and the equation has a unique solution. For the power A"^''^ we obtain the equation 



(iajv/(x) 
dx 



M 



+ g(x)aAf(x) - amix)bM-mix) = [aM+iix),p] +bMix). 



(6) 



m=l 



These equations give inductively a unique solution of (H) with the desired properties. For 
fixed M it is obvious that for all A out of some neighbourhood of infinity and for all x G 
[0, 1] (l + J2m=i (^m{x)X~"^^ has a uniformly bounded inverse. On the other hand the solution 
of (0) implies that there exists a c, such that for the same domain 



^ M+l 

]| + XI (^rn{x)X~ 
\ m=l 



-1 



A/+1 



d 



L(l + «m(x)A"'" j - — + pA + 5] bmix)y 



m=l 



M 

E 

m=0 



< 



\\\M+1- 



This completes the proof of the theorem. □ 
It was shown in |[H-S-S| that these formal power series are convergent, if and only if q{x) is 
an algebraic geometric potential. In Appendix ^ we present a proof that these power series 
are Borel summable, if and only if q{x) is an analytic potential. But for general smooth 
potentials these power series seem not to be convergent in any sense. Formally these power 
series diagonalize the Floquet matrix at A = oo. We are now going to prove the main statement 
of this section that indeed these power series are an asymptotic expansion of the diagonalization 
of the Floquet matrix near A = oo. Later on we will see that in some sense it is even a Taylor 
expansion of this diagonalization. Let us first define the domain of the asymptotic expansion. 



Definition 2.5 For any I G Nq, e G let Oi^^ be the set 



O, 



A G 



lAI ^ < e, |A - fcvrv^^l > 



for anfcGZ\{0}l@. 



For a fixed M times continuously differentiahle potential q let exp(pj(A)) be the i-th eigenvalue 
of the Floquet matrix of the Lax operator on the right hand side of (Qj.- 



M ^ 1 

Pi,Af(A) = -p^X - ^""^ / ibmix))ndx. 

■m=0 •'^ 



(7) 



*For I — we will always assume e > 2/tt. This ensures that all these sets contain circles around infinity. 
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Finally let UM,e be the set given by 



U 



X e 



e OM,e for alii ^ J e {1, ... , n} 



The polynomials Pi{X) and the sets f/^/.e depend on the potential q. But for large A, which 
corresponds to small e, Pi{\) is nearly equal to piX. Hence UM,e consists of all sufficient large A 



with the exception of small domains near A 



2nn\ 



-1 



n 



E Z. With the help of it would be 



easy to give an asymptotic expansion of the exact localization of these excluded domains. Later 
on we will see that in the case of Hill's equation, this reproduces the well known asymptotic 
expansion of the periodic and antiperiodic eigenvalues (compare e.g. |[M-W|] , |[Ho|| .) 



Theorem 2.6 Let q be an M times continuously differentiable periodic potential. Then three 
is a holomorphic matrix valued function h on some Ui^e, which diagonalizes the Floquet matrix 
g{l,X,q) for all I < M. Moreover this matrix valued function can be chosen to be of the 
form h = 1 + a holomorphic offdiagonal matrix valued function. Then this function h and the 



eigenvalues /xi, 
some Ui e.' 



, /in of the Floquet matrix may be expanded asymptotically and uniformly on 



MA) - h +J2^rniO)X 

\ m=l 

l/ii - exp(pi,M(A))| < 



< 



\X\M-l+l ' 

exp(pi,M(A))| « = 1, . 



with some 5, c > 00. 

In order to prove this theorem we need some lemmata. 

Lemma 2.7 Let B be a diagonal matrix B = diagonal{f3i, . . . , (3n) such that f3i is the eigenvalue 
of maximal length, which implies \j3i 
a b 



\B\\. In addition consider a matrix A of the form 



A 



c d 



with respect to the decomposition 



<C®C 



n-l 



Moreover we assume the 



following estimates to be valid for some small e>0, Q < 5 <\ 



\\A - B\\ < e\\B\\ and - Al > tIAI for all i ^ 1. 



Then there exists exactly one eigenvalue a of A obeying the estimate \a — (3i\ < e\f3i\. Further- 

I 1 w 

more there exists exactly one matrix of the form 



a b 
c d 



1 w 
V 1 



V 

1 w 

V I 



1 



, which satisfies 



a 
cw + d 



Finally the assumptions imply the following inequalities: 
5 „ „ 5 



\v\\ < 



26' 



\w\\ < 



1-2S 



and 



a 
cw + d 



B 



< e- 



25 



\B\ 



^^Actually we will prove that for all 1 < ^ < AI and all (5 > there exists an e > 0, such that this estimate 
holds uniformly on Ui^e- Furthermore, for I = this estimate holds with some S > uniformly on C/o,4/7r 
(compare with footnote [T^ ). 

^^The rest of this section may be passed over. It contains the proof of this theorem. 
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Proof: Set A{z) = B + z{A — B). Now we make the ansatz A[z)v{z) = a{z)v{z), with 



a{z) = /3i + ^ ttfcz*, v{z) = Vkz'', Vq 

k=l k=0 





V '■ / 



For the K-th power of z we obtain the equation: Bvk + — B)vk-i — J2k=o^ki^K-k- All 
these equations have a unique solution with VqVk — for all K > 0, ax — Vq{B — A)vk-i and 
{B — Pil )vk = {B — A)vk-i + J2k=i OikVK-k- Using the assumptions we can give bounds for 
\aK\ and \\vk\\'- 

\Q-k\ < • and 
\\vk\\ < -r^ ( e|/3i| • ll^^iiT-ill + ■ ■ ^K-kW j <^Y1 \M ' W^K-k-iW- 

\ k=l / k=0 



The equation 7(2;) = 5z^'^{z) + l has one solution ^{z) = 1/(2^2;) [1 — y/1 — ASzj with 7(0) = 1. 
The Taylor expansion of this function converges on the domain \z\ < 1/(45) and is bounded on 
this domain by 17(2;) | < 2. This proves that a = a{l) and v{l) exist and are bounded by 

<2e|A|, ||t^(l)-^;o|| <^{l-25-VT^). 

Let us now improve these estimates. Since a is an eigenvalue of A we have 

inf { |q; — I i — 1, . . . ,n} < e|/3i| 

Together with |a — < 2e|/3i| and — > 4e|/3i| for alH = 2, . . . , n this implies |q; — < 
e\/3i\. The following ansatz 

f a b \ f 1 w \ _ f 1 w \ f a \ 
\c d J \ v 1 J ~ \ v 1 J \ cw + d J 

is equivalent to the three equations 

a + bv — a, aw + b — wcw + wd, 
c + dv — va 

Since a is an eigenvalue of A, v = {al — d)^^c is a solution of the two equations involving w. 
The third equation is equivalent to 

(c d){i r)=(i r)(c j+d) 

('^-w\fab\_fa Wl -w \ 
\0 1 )\cd)~\ccw + d)\0 1 )' 

Again since a is an eigenvalue, w — b{d — al is a solution. The assumptions also guarantee 
the following three estimates: 

\\d — diagonal{(32, ■ ■ ■ , Pn)\\ < 
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\\diagonal{P2, ■ ■ ■ , Pnjv - Piv\\ > -^\\Piv\\ for all v e C"~^ 

d 



This implies Hdv — a^H > 



-al II < e|/3i|. 

e\Pi\il-25) 



v\\ and furthermore ||((i — al ) ^|| < —. , . . . 

e(l - 2d)\(ii\ 



Therefore \\v\\ < 



6 



1-2(5 



and llwll < 



6 



1-2(5 



and finally 



a 
cw + d 



-B 



<e|A| + 





cw 



<e|/3i| 1 + 



5 



1-25 



All other eigenvalues a' of A are also eigenvalues of cw + d. Hence they obey the estimate 
inf { jo;' — i = 2, . . . ,n} < |e|/9i|, which is a contradiction to \a' — (3i\ < e\(3i\. This proves 
that a is unique. □ 

Lemma 2.8 Let B be the diagonal matrix B = diagonal{f3i, . . . , f3n) and A another nxn-matrix 
such that the following estimates hold for small e, 5 e and all i = 1, . . . , n: 



A(^) - A(^) 



< e 



A(^) 



and Pj\ > -sup{|A|, 



Then there exists an invertible matrix h of the form 1 + offdiagonal satisfying Ah = h ■ 
diagonal{ai, . . . , an) such that the following inequalities are valid: 

\\h — 1 II = o{6) and \ai — (3i\ = o[e)\(3i\. 

Proof: First we rearrange lines and columns in a way, such that n}=i is an eigenvalue of 
maximal length of t\{B). Then we make use of the last lemma and, furthermore claim that 



f\{cw + d) - /\ {diagonal{P2: ■ ■ ■ , 



0(6) 



/\ {diagonal{P2, ■ ■ ■ , Pn)) 



In order to prove this claim we note that the matrix 



—w 



has the form 



V (1 — wv)l + vw 

© C"-i) ~ A' (C"-^) ® A*^^ (C"-i). Hence 



with respect to the natural decomposition A*^^ (C 
the matrix 

A(_„ (1_„„)1+„J(A(-4)-AW) 



has the form 



a f\\cw + d) — Pi A* {diagonal{l32i ■ ■ ■ , Pn)) 



Finally the bound 



/\{cw + d) - /\ {diagonal{P2, ■ ■ ■ , Pn)) 



< 
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< 



\f3i 



A 



1 —w 
-V (1 — wv)l + vw 



i+1 i+1 

A(^)-A(5) 



+ 



\a — Pi 



/\{cw + d) 



and the last lemma proves the claim. The inductive use of this claim and the last lemma now 
proves the lemma. □ 
The assumptions of Lemma |2.8| contain two estimates. In the application we have in mind the 
first is just the content of Corollary |2]^, but to ensure the second estimate we need two further 
lemmata. 



Lemma 2.9 For all 6 > and I G N there exists an e > 0, such that for all A G O, 



sm. 



h(A)|>^exp(|5J(A)|)a 



Proof: First we use the following bound from below: | sinh(A)| > exp (|5J(A)|) | sin(Q=(A)) |/2. 
To each S > there exists an e > 0, such that for all V— 153(A) G Oi^e \ sin (Q'(A)) | > 25~^|A|~^, 
and therefore the above estimate also holds. On the other hand | sinh(A)| is again bounded 
from below by 

I sinh(A)| > ^ (1 - exp (-2|K(A)|)) exp (|K(A)|) . 

Hence the proposed estimate holds also in the domain (1 — exp (— 2|3?(A)|)) > 25^^|A|^'. The 
union of the domains of both kinds clearly contains some Oi^^. □ 

Lemma 2.10 Let /?i(A) and /?2(A) be two functions of the form 



/3i(A) = exp (piX + polynomial {X 



-1- 



= exp (pi(A)), 

/32(A) = exp (j)2X + polynomial{X^^)^ = exp {p2{X)) 
Then for all 5 > and I G N there exists an e > 0, such that for all p^^-^^'P^^^) £ Qi^, 

|/?i(A)-/52(A)| >^sup{|A(A)|,|/32(A)|}. 

Proof: We have 

exp (pi(A)) - exp (p2(A)) = 2 exp 



>i(A)+P2(A)' 



sinh 



PiiX) -p2iX)^ 



sup (I exp (pi(A)) I, I exp (p2(A)) |} 



exp 



Piix)+P2ixy 



exp 



3? 



'pi(A) -P2(A)^ 



Hence the last lemma gives for each 5 > an e > 0, such that for all p^'-^^-p^^^^ e Oi , 



exp(pi(A)) - exp(p2(A)) | > 



exp(sup{3fJ(pi(A)),3ft(p2(A))}) 



PiiX) -P2(A) 



-I 



17 



This estimate is proven in |P-T, Lemma 2.1] for I ~ 0, S — 4 and e — A/ir. 
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For pi — p2 not being zero, there surely exists some neighbourhood of A = oo and some c > 
such that 



-I 



> c\X\ 



This proves the lemma. □ 
Now we are ready to give the Proof of Theorem |2.6| : We want to apply Lemma |2.8| . Two 
estimates are assumed in this lemma. These estimates are shown to be fulfilled one after 
another. First we make an observation. If g is the fundamental solution of the differential 
equation 

(J^ + a{x)jg{x)=0, g{0) = l, 

then A'(fi') is the fundamental solution of the differential equation 

( d ' 



dx 



+ dMa{x))]/\{g{x))=^, A(^?(0)) = 1 



Here d ^\A) is defined to be (A A I A ... A 1 ) + ... + (11 A I A ... A A). We also remark that if 
11^ — < e, then ||(iA*(^) '~df\^{B)\\ < it. If we take the two Lax operators of inequality (^) 



in Theorem and the i-th exterior powers, respectively, these inequalities ensure the validity 
of the assumption of Corollary p.3| with e = c|A|~*''^~^. Corollary p.3| for its part ensures the first 
estimate of the assumption in Lemma ^]8| with e = c|A|~^''^^^ for some c > (not necessarily 
the same as in Theorem |2.4| ). Now the second estimate of the assumption of Lemma |2.8| is 
guaranteed by Lemma |2.10| , if 5 in Lemma ^]8| is changed to 5c|A|'~*^~^ and the same e as in 
Theorem p.6| . Now the first estimate of Lemma ensures that the matrix, which diagonalizes 
the first Lax operator in the inequality exists and is uniformly bounded by 5c| A|'~*''^"^ with 
some constant c (not necessary the same as above) on the domain of Lemma ^.1U| . The second 
estimate of Lemma 12. 81 proves the second estimate of Theorem 12.61. □ 



3 The Riemann surface 



In this section we will introduce the Riemann surface corresponding to the Floquet matrix. For 
the moment it is defined as the curve given in terms of the eigenvalue equation of the Floquet 
matrix 

R{\ /i) = det (/il - ^(1, A, g)) = 0. 

After normalization this is an open n-fold covering of the complex plane A G C and therefore 
an open smooth Riemann surface (see for example Theorem 8.9 [po|l ). We intend to establish 
a one to one correspondence between some line bundles and potentials. This construction has 
already been carried out in the case of algebraic geometric potentials [[Kr-l|| , ||R-S-'1| . On open 



Riemann surfaces all line bundles are trivial (Theorem 30.3 [po[] ), so we have to impose some 
decay condition near A = oo. We want to do this with the help of the asymptotic expansion of 
the last section. Indeed, similar to the algebraic geometric case, we may add covering points 
of A = oo to the Riemann surface, if we concede them an exceptional position. In this section 
we want to provide a first impression of this strange behaviour of the Riemann surface near 
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A = oo. It can be summarized in the statement that almost everything holds as in the context 
of compact Riemann surfaces. 



Definition 3.1 From now on we fix a smooth periodic potential q. Theorem \2. 6| shows that for 
an arbitrary I G No over some Ui^^ the Riemann surface is an unbranched n-fold covering, and 
that there is a natural way to index the sheets with the numbers i = 1, . . . ,n corresponding to 
the eigenvalue yUj of the Floquet matrix. Each of these sheets can of course uniquely be extended 
to those small excluded domains of Ui^^, where only other sheets have branchpoints. To each 
extended sheet over a domain near X = oo we add the point A = oo and take the extended 
sets of Ui^s, 6 < e, as a base of neighbourhoods of this new point: For each i = 1, . . . ,n these 
neighbourhoods are the liftings into the i-th sheet of the sets 

— ^ G Oi^s for all J ^ z m {oo} . 



|A G C 

(Compare with Definition \2.^ . This base of neighbourhoods of the n covering points over X = oo 
together with the usual topology over C defines the topology rj^. Because Oi^e is contained in 
Om,e for e < 1, I <m, these topologies are ordered: tq D ri D ... . Finally we define t^o as the 
finest topology, which is coarser than all these topologies. This n-fold covering over C U {oo} 
together with the topology r^o will be called the Riemann surface Y . Taking the sets Ui^^ U {oo} 
as a base of neighbourhoods of X = oo there is also a sequence of topologies tq D ti D ... D 
on CU {oo}. The space C U {oo} together with the topology Too will be called X. 



oo 



Remark 3.2 We will see in the next section that the Riemann surface Y may be an unbranched 
covering over some of these excluded domains. For the analytic investigation of the Riemann 
surface Y it would be appropriate not to exclude such domains from the neighbourhoods of the 
covering points of infinity. But it could happen that a singular Riemann surface, namely with 
singularities in such unbranched coverings over excluded domains, corresponds to the potential 
q in a way, which is established in the next section. The topology defined above fits in the most 
singular case, namely the algebraic curve defined by the equation R{X,fi) = 0. 

Obviously X and Y are Hausdorff spaces, but no topological manifolds. The covering map 
TT : y 1-^ Pi is continuous, but in general the map vr : F i— > X is not continuous. A function on 
X and Y, respectively is called holomorphic, if it is holomorphic on C and 7r~^(c), respectively 
and if all derivatives of / can be extended continuously to the whole of X and Y, respectively. 
Analogously meromorphic functions are meromorphic functions on C and 7r~^(c), respectively, 
such that on some neighbourhood of infinity and 7r~^(oo) respectively A~'/ is holomorphic for 
some / G N. Now it should be evident how to define the sheaves Ox and Oy of holomorphic 
functions and A4x and Aiy of meromorphic functions. 

Lemma 3.3 For each open set U ofFi, the sections of the sheaf Ox restricted to U coincide 
with the holomorphic functions on U in the usual sense. In particular H^{X, Ox) = C and 
H^Y, Oy) = C. 

^^For I — we assume that e > 2/tt (compare with footnote 
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Proof: By the maximum modulus Theorem ||Co|] the sections of Ox restricted to some U and all 
their derivatives are continuous with respect to the topology of Pi. Hence they are holomorphic 
in the usual sense. All holomorphic functions on Pi are constant, so that H^{X,Ox) = C 
follows. Due to the same argument all the elementary symmetric functions of a holomorphic 
function on Y with respect to the covering vr : F h— Pi ||Fo|| have to be constant and therefore 
the holomorphic functions on Y also have to be constant. □ 
This is the first analogy of our Riemann surface with compact Riemann surfaces. Before we 
proceed to further analogies, let us join on to the last section. 

Lemma 3.4 A function holomorphic on some Ui^e can be extended to a function holomorphic 
on Ui^e U {cxo}, iff it can be expanded asymptotically uniformly on some Ul,s for each L > I in 
the following manner 



/(A) 



M 



m=0 



< 



Cm 



|A|A/+i 



for all Men. 



Proof: If / is holomorphic on some f/;,e, it has by definition a Taylor expansion at A = oo. This 
Taylor expansion obviously gives an asymptotic expansion of the desired form. Conversely 
let / have such an asymptotic expansion. For each Aq G Ul,5' with 5' < 5 there is a ball 



lA- 



An 



< c|Ao| ^ ^1 inside Ul,5 with some c > depending on 



i?(Ao\c|Ao|-^-2) = {a 

L and 5 but not on Aq. Now with the help of Cauchy's estimate |Co] the asymptotic expansion 
leads to an asymptotic expansion of /' 



on Ul si of the form 



M 



/'(A) - ma^A-™+i 



and therefore 



/'(A) 



m=0 

M 

- mamX~ 

m=0 



< 



Cm 



■m+l 



< 



\M~L+3 



Cm 



with some new constants cm- This proves that /'(A) is continuous with respect to the topology 
tl and has an asymptotic expansion similar to /. The repeated application of this claim to 
higher and higher derivatives shows that all derivatives can continuously be extended with 
respect to all topologies tl. This proves the claim. □ 
There are similar statements about the holomorphic functions on Y with completely analogous 
proofs. 

We emphasize that the inverse of a meromorphic function is not necessarily also a mero- 
morphic function. In fact, the inverse of a meromorphic function would be meromorphic, if we 
could exclude that this meromorphic function has a zero of infinite order at infinity or at some 
of the covering points of infinity, respectively. However, this is not possible and we will provide 
an example of a function with these properties at the end of this section. Now it is quite obvious 
that the divisor of an invertible meromorphic function consists of a finite part far away from 
infinity, of sequences of finite divisors inside the small excluded domains of the neighbourhood 
of infinity and of a finite contribution at infinity. More precisely, to each meromorphic function 
there exists a neighbourhood of infinity and 7r^^(oo) respectively, such that the restriction of 
this function to this neighbourhood has poles or zeros at most at infinity. Let us choose a 
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subset of this neighbourhood out of the base given above in Definition |3.1| , defining a sequence 
of excluded domains. In the sequel we will often make some statements about these excluded 
domains of this base of neighbourhoods. For this purpose we abbreviate the multiple index 
k) used in Definition |3]l| by t : 

6 G X, with I = {{i,j,k) \ k e Z, i < j e {I, . . . ,n}} . 

Moreover, the absolute value of l is defined as \l\ = k)\ = \k\. This index will be used as 
follows. Given any neighbourhood Ui^e as in Definition ^Tsj the index l = k) & I specifies 
the excluded domain of Ui^e defined as the union of the i-th and j-th sheet in Y over the set of 
A's satisfying 

1 



< 



e(|A;|7r)'' 

By definition, if /c = 0, the excluded domains form the whole of Y. Excluded domains having 
non empty intersection will be identified. Thus the set I does not really label the excluded 
domains. For the sake of simplicity we do not use a more precise notation. The actual precise 
meaning will be clear from the context. 

Holomorphic and meromorphic differential forms on X and Y, respectively, are defined near 
infinity as holomorphic and meromorphic functions, respectively, times dX~^ and otherwise as 
usual. 

Theorem 3.5 For each meromorphic differential form, the sequence (rj^gi of the correspond- 
ing total residues of the excluded domains defines an element of the Frechet space 



I' < oo for all I G Nq 



Hence the total residue is well defined and is equal to zero. 

Proof: The sequence of residues of every form uo = (j^mLui c^m^^™) dX is asymptotically equal 
to zero for arbitrary integers Mi < M2. If we use the Cauchy integral representation of the 
total residue, the asymptotic expansion of the meromorphic differential form analogous to the 



asymptotic expansion of Lemma |3.4| shows the convergence of the sequence of total residues to 
be faster than any inverse power of |A|. Since the absolute value of the index l is bounded by 
some constant times the absolute value of A inside the excluded domain with index l : |i| < c|A|, 
the claim about the asymptotic behaviour follows. The last statement is now obvious. □ 

Corollary 3.6 Let f be a meromorphic function, whose inverse is also a meromorphic func- 
tion. Then the sequence of total degrees ((ij^gj of the excluded domains is asymptotically equal 
to zero: (i^ = for all \l\ > N, with some positive integer N. Therefore the total degree of f is 
well defined and is equal to zero. 

Proof: Due to the assumption on /, f~^df is a meromorphic differential form. Therefore the 
residue of this form is a integer multiple of 27rV— 1 and the claim follows from the preceeding 
theorem. □ 
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Remark 3.7 As a consequence of this corollary the equivalence classes of divisors decompose 
into components in analogy to the connected components of the Picard group of compact Rie- 
mann surfaces. But they are not only labeled by the total degree as in the case of compact 
Riemann surfaces: For every divisor, which in general is defined as a cross section of the mul- 
tiplicative sheaf AA*x / 0*x and J^y/Oy respectively, there exists a neighbourhood of infinity and 
all covering points of infinity, respectively, such that the restriction to this neighbourhood may 
have only contributions at infinity and all covering points of infinity respectively. Hence we can 
associate to each divisor a sequence of total degrees in the excluded domains indexed by l E I : 

deg : divisors — > integer valued sequences indexed by leI, D (deg^F))) . 

If the absolute value of l is small, deg^ depends on the choice of Ui^^ defining the excluded 
domain with index l. Moreover, as mentioned before, there corresponds only one degree to 
excluded domains having a non empty intersection, namely the total degree of the union of these 
excluded domains. // deg^(-D) = deg^{D') for all \l\ > N, with some positive integer N, the 
degrees of D and D' are called asymptotically equal. If in addition J2\i,\<k ^^sX^) —deg^^^D') = 
for all K > N we call the degrees of two such divisors asymptotically and totally equal. Hence 
the degrees of two linear equivalent divisors D and D' are asymptotically and totally equal. 
Consequently the components of the equivalence classes of divisors are labeled by equivalence 
classes of integer valued sequences indexed by l E X, which are asymptotically and totally equal. 

Having exhibited some analogies between our Riemann surfaces X and Y and ordinary com- 
pact Riemann surfaces, we will turn to the question whether there actually exist meromorphic 
functions with infinitely many poles. Before we answer this question in the next section for the 
surface Y, we will now give the answer for the surface XQ. 

Example 3.8 Let (a;j)jgN d'nd {(3i)ieN be two sequences o/C C X = Pi satisfying the following 
conditions: 

(i) hi+il > Ittil, lA+il > lAI- 

(ii) Both sequences have no accumulation points in X . 

(iii) For all large i, ai and j3i are contained in a common excluded domain. 

(iv) > i, \l3i\^ > i for i > I, with some positive integers I and I. 

Due to (ii) each excluded domain contains only a finite number of a's and (3's. Condition 
(iv) ensures that this number is bounded by some power of \\\ with A being a point in the 
excluded domain. In consideration of the topology of X these conditions ensure that the sequence 
[ai — defines an element of the Frechet space l^o- Here l^o is 




Now with help of the well known test of convergence for infinite products ^pdj it is straightfor- 
ward to prove that /(A) = nieNl-^ ~ O-dK^ ~ Pi) ^ meromorphic function on X . 



These two examples may be passed over. 
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Example 3.9 For all l & 2 let ai^{X)/j3i^{X) be a rational function on Pi, which has a zero at 
infinity and poles only inside the image under n of the excluded domain corresponding to the 
index t of some Ui^^ for all I G N. Let \\ ■ ||i ^ be the supremum norm on the boundary of the 
domain excluded from Ui^^ and corresponding to the index l. Then it is quite easy to prove that 



m = E 



a,(A) 



is a meromorphic function on X , whenever 



E 



A(A) 



< oo for all I E N with some e > depending on I. 



This even implies that for all l,k E N and the same e as before 



tex 



A (A) 



L < OO. 



Finally we want to present the promised counterexample of a meromorphic function, whose 
inverse is not a meromorphic function. Let g{x) be a smooth periodic function, with a Taylor 
expansion at x = identically equal to zero. Then the coefficients of the Fourier expansion 
g{x) = Z]jez7iexp (27rjy/^xj satisfy the relations Z]jezi^7j = for all / G N. Now we define 



/(A) = E 



7iA 
A-J 



7i 



-j/y 



which according to Example p.9| is a meromorphic function on some appropriately chosen X. 
But all derivatives of / at infinity vanish: 



/^^HA) = E7T 



(i-j/Ay+i- 

Hence the inverse of / is not meromorphic. On the other hand / is not identically zero, if g is 
not identically zero. With the choice 



1 



g{x) = exp 



z = exp (27T\^^x 



we obtain a meromorphic function / 7^ 0, whose inverse is not meromorphic. 



4 The dual eigen bundle 

In this section we will associate a line bundle E{q) over the Riemann surface Y to the potential 
q. This correspondence q t— > E{q) will be injective, which means that although there are 
many potentials, which correspond to the same Riemann surface Y, there is only one, which 
in addition corresponds to a given line bundle. Moreover, we will be able even to reconstruct 
the potential from the line bundle. This inversion is called the inverse scattering map or the 
inverse spectral transform. Indeed, in the case of Hill's equation for example, the line bundle 
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can be described in terms of the corresponding Dirichlet or Neumann eigenvalues; both of them 
essentially define equivalent divisors corresponding to the line bundle (for the precise statements 



see e.g. 



The matrix h{X) in Theorem |2.6| combines all eigenvectors of the Floquet matrix. Therefore 
it can also be used to describe the eigen bundle. But in case the potential has a trivial Taylor 
expansion at a; = 0, the off diagonal part of h has a trivial asymptotic expansion at infinity. 
This would face us with the problem of poles of infinite order. To avoid this we conjugate the 
Lax operator and therefore also the Floquet matrix with the matrix 



/ 1 1 

1 s 



hQ = —= 

'n 



\l s 



n-1 



1 \ 

^n-1 



(n-l)(n-l) 



s a primitive n-th root of unity, 



i.e. L\^Ad{ho)L, g{l, X,q) \^ F{X,q) = Ad{ho)g{l, X,q) and h{X) hoh{X) . 



Lemma 4.1 Both equations 



n* {{F{X,q))v = and 
wn* {F{X, q)) = fiw 



(9) 



[wi, ...,Wn) on 



have solutions being vector valued meromorphic functions v = '■ , w 

\Vn J 

Y. These solutions are unique under the additional normalization condition Vi = 1 and Wi = 1 
for any fixed i = 1, . . . ,n. 

Proof: From the definition of the Riemann surface we know that det (^fil — F{X, q)^ = 0. 
Therefore for any A G C there exist solutions v and w as above with 

(/il - F{X,q))v = and w (^fil -F{X,q))=0. 

Explicitly such solutions v and w can be given in terms of polynomials of the entries of F{X, q) 
and IX. Therefore at least formally we can explicitly write down solutions of the desired form 
in terms of rational functions in the entries of -F(A, q) and yU. If the denominator does not 
vanish identically, this gives a meromorphic solution on 7r^^(c). In the proof of Theorem p.6| 
it was shown that there exist values of A, for which all eigenvalues are distinct. This implies 
the uniqueness of the solutions of the desired form. Furthermore Theorem |2.6| gives a quotient 
of two asymptotic expansions for the solutions. The leading term of the denominator is given 
by some entry of Hq and is therefore not zero. Hence we obtain an asymptotic expansion near 
infinity of the solutions, guaranteeing the formal solutions on 7r^^(c) to be meromorphic. Now 



Lemma |3.4| proves the claim. □ 
This lemma shows that equations (§) and (P) define holomorphic maps from Y to Pn_i and 
therefore holomorphic line bundles on Y . The line bundles described by v and w are called the 
eigen bundle and the transposed eigen bundle of q and denoted by E[q) and E^[q) respectively. 
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It is more convenient to work with the corresponding dual bundles E*{q) and E^* (q). We want 
to use divisors to describe these line bundles: Set D{q) to be the negative divisor of v with 
f 1 = 1 and D*{q) to be the negative divisor of w with wi = 1. They are both integral divisors. 
In general a divisor of a matrix valued meromorphic function is defined by the highest order 
of the poles and by the lowest order of the zeros of all its entries respectively. Finally let us 
introduce the sheaf Oq of holomorphic functions on Pi with values in the space of the n x n- 
matrices, which commute with F{-,q). Outside of the branchpoints, each diagonalization of F 
also diagonahzes every section of Og. Hence the eigenvalues of sections of Oq can be considered 
as holomorphic functions on Y, at least outside the branchpoints, and with the help of [po| . 
Theorem 8.2] everywhere on Y. This establishes a sheaf homomorphism Eg : Oq ^ 7r^,((9y) of 
sheaves of rings on Pi. The map Eg is injective, because the diagonalization of F can be used 
to invert Eg outside of the branchpoints. 

Definition 4.2 The potential q is called non-singular, if Eq is an isomorphism of sheaves and 
singular, if Eg is not surjective. If q is singular the image of Og defines a singular Riemann 
surface Y' with normalization p : Y Y' , such that the following diagram commutes 




Pi 



and the induced map Eq : Oq 7tI{Oy') is an isomorphism of sheaves. Here Oy is the structure 
sheaf of Y' . 

The commutative diagram ensures that Y' can only have covering points over the same base 
point as multiple points. This is in fact the only possibility for singular points: a branchpoint 
of the eigenvalues of F, which is removed on Y. But we want to emphasize that there may 
exist branchpoints of the eigenvalues of F, which also are removed on Y' . Hence we have in 
general three branching divisors ^analytic < ^effective < ^algebraic on Y. Here the analytic branching 
divisor is defined by the branching order of the map tt. The effective branching divisor is in 
some sense the branching divisor of the singular Riemann surface Y'. It will be defined in 
Section |T^. Finally the algebraic branching divisor is defined by the zeros of The 
algebraic branching divisor is equal to the effective branching divisor corresponding to the 
most singular curve, which is defined by -R(A, /i) = 0. From now, unless stated explicitly, we 
restrict ourselves to the simplest case ^analytic = ^effective = ^algebraic- The general case will be 
treated in Section p!0| . 

The global sections Vi = 1, f 2, . . . , f„ and Wi = l,W2,---,Wn define sheaf homomorphisms 
0, : 01 ^ MOniq))n (/i, • • • , /") ^ i:r=i hVi 
<Pw ■■ vr*(Oz)t(5)), (/i, ...,/„) Er=i fiWi- 

Theorem 4.3 0^, and ipw are isomorphisms. In particular f 1, . . . , f„ and Wi, . . . ,Wn span the 
space of global sections of Ooiq) and ODt{q), respectively. Moreover, t>i, . . . , f„ and wi, . . . ,Wn 
are uniquely defined by D{q) and D*{q), respectively and by their values at all covering points 
of infinity. 

^°For all divisors D the sheaf is defined to be the sheaf of meromorphic fmictions / satisfying locally 
(/) > -D. 



4 THE DUAL EIGEN BUNDLE 



22 



Proof: The proof is given for v. It is the same for w. Clearly the image of 0„ is an Oq module. 
Hence it is also an 7i^:{Oy) module. But OD{q) is generated by vi, . . . ,Vn as an Oy module. 
Therefore 0„ is surjective. At each point Aq with distinct eigenvalues fii, . . . , /i^ of -F(Ao, q), the 
values of v constitute a basis of C". Hence 0„ is injective in a neighbourhood of such a point. 
Then 0„ is an isomorphism. The values of v at all covering points of infinity are the columns 
of ho. There they also form a basis. This verifies the last claim. □ 
The dependence on the values at infinity suggests a modification of the notion of linear equiv- 
alence: Modified principal divisors are defined as divisors of meromorphic functions, which are 
equal to 1 at all covering points of infinity. This also excludes meromorphic functions with zeros 
of infinite order. Geometrically this corresponds to the identification of all the covering points 
of infinity and therefore makes Y singular. But for reasons of simplicity we use the notion of 
modified linear equivalence. A line bundle in this modified sense is a line bundle on Y together 
with an identification of all its fibers over the covering points of infinity. Theorem |4.3| shows 
that D{q) is the unique integral divisor, which is modified equivalent to D{q), or equivalently, 
that E* (q) has a unique cross section, which respects the identification over all covering points 
of infinity. The v'^s are uniquely determined as the quotients of cross sections with specified 
values at the covering points divided by this unique cross section. 



Counting Lemma 4.4 In the sense of Remark \3. the branching divisor b has asymptotically 
and totally the degree (2, 2, . . .). 

We want to remind the reader that although the number of branchpoints is of course infinite, 
this has a precise meaning: All but finitely many branchpoints are pairwise located in excluded 
domains indexed by t G X with the exception of finitely many indices. Furthermore the number 
of excluded branchpoints is twice the number of excluded indices. 

Proof: The branchpoints are the zeroes of the discriminant of R{X,fi), considered as a 
polynomial in fi. In [ [P-'l] | it is shown that Lemma |2.9| is true even for 5 = 4, Z = and e = A/n. 
Hence Lemma |2.10| is also true for S = 2,1 = and e = 4/7r : For A G Oo,e 



|exp(piA) - exp(p2A)| > ^sup {\exp{piX)\ , |exp(p2A)|} . 

On the other hand for |A| large enough Theorem p.6| gives: 

c c 
\Hi - exp(piA)| < — |exp(piA)| and |/i2 - exp(p2A)| < |exp(p2A)| . 

These two estimates give for |A| large enough and A G Oo,e : 

(/ii - fi2f - (exp(piA) - exp(p2A))^ < |exp(piA) - exp(p2A)|^ . 



The same is of course true ior fii, fij, z 7^ j G {1, . . . , n}. Now Rouche's Theorem [ Pci|| proves 



the claim. □ 
Any two solutions of (§) and (j^) can be used to define a matrix valued meromorphic function 
on the Riemann surface Y : P = v{w ■ v)~^w. If / and g are meromorphic functions on Y, 
and V = vf and w = gw, then v{w ■ v)~^w = v{w ■ v)~^w. Therefore P does not depend on 
the special choice of v and w. In the definition of P we may in particular assume that locally 
V and w have no poles and zeros. This function P has some nice properties: 
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Lemma 4.5 (i) P'^ = P 

(ii) Ptt*{F) = n*{F)P = fiP 

(iii) The sum over the sheets of P is equal to 1 . 

(iv) The divisor of P is —b. 

Proof: (i) and (ii) directly follow from the definition. Now let v^, . . . and w^, . . . , be the 
values of v and w, respectively at all the covering points of some Aq not being a branchpoint: 
set /ii, . . . , fin for the distinct eigenvalues of F{Xo,q). The following relations ensure the v's 
and the w's to form two bases of C" : Fv^ = v^fii, w^F = fiiw"^. This implies w^v^ = if 
i 7^ j, and the v's and the w's are therefore up to a factor dual bases of C"'. Hence we have 
J2'^^iV'^{w^v^)^^w^ = 1 , which proves (iii). The negative divisor of P must be integral, because 
P only can have poles. In fact we may assume that v and w have neither poles nor zeroes, and 
only the denominator wv can vanish. The proof of (iii) shows that the poles of P are exactly the 
branchpoints and even more precisely, that the divisor of P is —b. Indeed considering the proof 
of (iii) we know that for y, y' in a small neighbourhood of some branchpoint yo, the number of 
zeros of the function w{y)v{y'), if we fix either y or y', is equal to the branching order. This 
proves (iv). □ 

Theorem 4.6 The divisors D{q) and D*{q) have asymptotically and totally degree (1, 1, . . .) in 
the sense of Remark \3. % Moreover, if v and w are solutions of and ^ with Vi = 1 = Wi, 
the following equation for divisors holds: 

D{q) + D\q) + {w-v) = b. (10) 

Finally, the function wv induces an equivalence relation in the modified sense. 

Proof: The divisor of v-w is equal to —D{q)—D^{q). Hence equation (|TU|) is a direct consequence 



of (iv) from Lemma [4.5| . At each covering point of infinity, w ■ v is equal to n. This proves the 
last statement. Now we claim that D{q) and D^{q) have asymptotically and totally the same 
degree. With this claim the first statement of the theorem follows from Corollary |3]^ and the 
counting Lemma|^. In order to prove the claim we need another lemma. By tt we also denote 
the induced homomorphism from the group of divisors of Y into the group of divisors of X. 

Lemma 4.7 Let g G GL{n, Aix) be the unique solution of gv = w*. Then one has the following 
relation between divisors: 

idetig)) = n{D{q))-n{D\q)). 



Proof: Due to Theorem the support of the divisor of det(g) is contained in the image of the 
union of the support of D{q) and D^{q) under vr. For every meromorphic function / on Y, there 
exists a unique n x n-matrix valued function gj on X, such that gfV = vf and gjw^ = w^f, and 
the determinant oi gf is equal to the n-th elementary symmetric function of / with respect to 
the covering map vr. Theorem |4.3| even shows that the supports of the divisors of det{g) det{gf) 
and det~^(5'/) det{g) are contained in the image of the union of the support of (/) + D(q) and 

^-'^ Implicit in Section ^ we will give another proof. In fact, the proof of the implication (i)=> (ii) of Theorem |3.5| 
implies the first statement. 
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D^{q) and the union of the support of D{q) and (/) + D*{q) respectively. This proves the claim. 

□ 

Completion of the proof of Theorem ^.6|: The function g of the last lemma is a meromorphic 



function on X, which is equal to hQ^h^^ at infinity. Hence there exists a neighbourhood 



of infinity, such that \det{g) — 1| < 1 in this neighbourhood. Now Rouche's Theorem 
implies that D{q) and D^{q) have asymptotically and totally the same degree. Indeed, if there 
exist disjoint excluded domains, whose images under vr have non empty intersection, the n-fold 
covering vr decomposes near these excluded domains into coverings containing actual only one 
excluded domain. The application of the last lemma to each of these coverings proves the claim 
even in this case. □ 
Due to equation ([lOD the equivalence class of one of the divisors D{q) and -D*(g) determines 
the other equivalence class. In the remainder of this section we present a way to reconstruct 
the potential q from the divisor D{q). This will be done in three steps: 



step 1: Theorem shows that the sections f i = 1, f 2, . . . , fn of the sheaf OD{q) are uniquely 
determined by D{q). 



step 2: Theorem |2.4| and Theorem p.6| enable us to obtain the complete Taylor expansion of 
q{x) at the point x = from the asymptotic expansion of v. 

step 3: For each x G M/Z, let be the shift by x on the space of potentials: (Txq){y) = q(x+y). 
The Riemann surface Y will not change under the shift and the line bundle E{Txq) will 
be described in terms of the line bundle E{q). 

The first step has already been carried out. 

In the second step we have to restrict the space of potentials: 

Assumption 4.8 The diagonal part of the potential is equal to a fixed constant. 

This fits with the group theoretical treatment. In fact, with this assumption the space of 
potentials forms a coadjoint orbit and therefore possesses a natural symplectic structure. This 
observation and a corresponding hamiltonian formulation is well known and can be found in 

e.g.El> EH- 

Equation (^) gives a formula for g(0) in terms of the asymptotic expansion of v. One may 
obtain similar formulas for the higher order coefficients of the Taylor expansion of q with the 
help of (H). Some details may be found in Appendix 0. 

Finally we turn to the third step. First we have to ensure that the shift T^ does not change 
the Riemann surface. For this purpose let g{x) be the fundamental solution of the differential 
equation (^-^ + a{x)^ g{x) = 0, g{0) = 1 with some periodic a{x). Then the Floquet matrix of 
T^a is given by g{x + l)g~^{x) = Ad{g{x))g{l). Hence the eigenvalues of the Floquet matrices of 
all the T^a coincide. In particular to all the potentials T^q there corresponds the same Riemann 
surface. The main tool of this step is given by Floquet theory [ ]Fr| : 



If the Floquet matrix g{l) of the above differential equation has a logarithm: g(l) = exp(«), 
then the gauge transformation with the periodic different iable matrix 

h{x) = g{x) exp{—xa) transforms a{x) into the constant a. For the application of this obser- 
vation in the present context we need a lemma. 
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Lemma 4.9 On some neighbourhood of all covering points of infinity, ln(/i) is a meromorphic 
function. 



Proof: For e small enough, the second estimate of Theorem |2.(j| implies an asymptotic expansion 
uniformly on UM,t '■ |ln(/Ui) — Pi,M(A)| < clAI"*^""*^ with some constant depending on M. Of 
course only one branch of ln(/i) satisfies this estimate. Together with Lemma ^■4| this guarantees 
the existence of the meromorphic function ln(/i). □ 
Now an easy application of Floquet theory provides solutions of the equations (H) and (H) for 
the potential T^g of the form: 

v{x, q) = TT* [hog{x, -, q)ho^) v{q)fi~'' 

w{x, q) = /i'^w(g)7r* (^hog-'^{x, -, g)/io ^) . 

Here is an abbreviation of exp [x ■ ln(/i)). Now we claim that for all x G M these solutions are 
holomorphic vector valued functions on the neighbourhood described in the foregoing lemma, 
which take the same values as v{q) and w{q), respectively, at all covering points of infinity. Let 
v{T^q) and w{Txq) be the corresponding normalized solutions: 

\ v{x,q) 



U!{T^,q) 



Vi{x,q) 
w{x, q) 



Wi{x,q) 

Then the functions f q) and Wi{x, q) are the unique solutions of the differential equations 



dvi{x, q) 
dx 



7T*{ho{pX + q{x))hQ ^)v{T^q)^^ + ln(/i)) Vi{x, g), Vi{0, q) 



1 and 



dvo {x q^ 

— ^—^ — = ((w(T^g)7r*(/io(pA + g(a;))/io^))^ + ln(/i)) wi{Q,q) = 1, respectively. 



dx 

These solutions are given by 



Wi[X 



Vi{x,q) = exp- (^J^ (^(n*{ho{pX + q{t))hQ^)v{Ttq))^ + \n{fi)^ dt^ and 
,g) = exp (^J^ (^(w(Ttq)7r*{ho{p\ + g(t))/io^))^ + ln(;u)) dt^ , respectively. 



Now the asymptotic expansion of Theorem p. 6| , whose coefficients are calculated in Theorem |2.4| , 
shows that both functions under the integrals of are holomorphic functions on the neighbour- 
hood described in the previous lemma. Furthermore, due to Assumption they vanish at all 
covering points of infinity. This proves the claim. 

The definition of these solutions of the equations (|) and (|) for the potential T^q may be 
transformed to 

7f*(hog(x, ■, g)/ig (g) = f (x, q)n^a,nd 
w{x, q)n*{hQg{x, ■, q)hQ^)fi^w{q), respectively. 
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It is well known that det {g{x, A, q)) = exp {Jq tr {pX + q(t)) dt). Hence the map A g{x, ■, q) 
defines an entire function from C to GL{n, C). Thus the left hand sides define line bundles on 
7r^^(C) isomorphic to the restriction of E{q) and E'^lT^q), respectively. Due to Lemma H]^, the 



function /i^ is the cocycle of a holomorphic line bundle over Y with respect to the covering 
7r~^(c) and the neighbourhood given by Lemma ^4.9| . Let us denote this line bundle by L{x). 
Then the foregoing claim implies that 

E{q)c^E{T,q)®L{x), 

E\T,q)^E\q)®L{x). 



After Theorem [4.3| we introduced a modified notion for line bundles. In order to finish the 
reconstruction of the potential out of the line bundle in the modified sense, we remark that 
the claim proves these isomorphisms even to be isomorphisms in the modified sense. Since 
obviously L*{x) ~ L{—x), this proves the 

Theorem 4.10 There are two isomorphisms of line bundles in the modified sense for allx & R : 

E*{T^q)c^E*{q)®L{x), 
E'\T^q)c^E'\q)®L{-x). 

□ 

For all x G Z, L{x) is trivial, because and are holomorphic functions on 7r~^(c). The 
line bundles on the right hand sides are well defined for all x G C, but the left hand sides in 
general make no sense for x ^R. Only for analytic potentials the line bundles on the left hand 
side are defined for some x K. This observation provides an idea of the largeness even of 
the components of the Picard group H^ (F, Oy)- From Remark we recall that the Picard 
group has as many components, as there are classes of asymptotically and totally equivalent 
integer valued sequences indexed by t G X. Now we are only interested in a small part of one 
component, namely the one corresponding to the sequence (1,1,...). The next section will 
provide more details. 



5 The Riemann-Roch Theorem 

Our next goal is to classify the divisors, which correspond to some potential q. For this purpose 
we need as the main tool an appropriate version of the Riemann-Roch Theorem adapted to the 
present situation. This is of interest in its own right and the only subject of this section. 

We start with a discussion, which will serve as a motivation. On a compact Riemann surface 
Y the Riemann-Roch Theorem (see e.g. |Jb'o|| ) is given by the relation 



dimi/°(F, Od) - dimH\Y, O^) = 1 - ^ + deg(D), 

where g is the genus of Y , and D is any divisor on Y . If Y is an n-fold covering of the 
Riemann sphere, with branching divisor 6, the genus can be calculated with the help of the 
Riemann-Hurwitz formula (see e.g. |[Fc|| ): 

deg(6) , . 
q = n + 1. 
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In our case deg(6) is infinite, and the meaning of the Riemann-Roch Theorem is not clear. 
But if there is a finite interpretation of the expression deg{D) — deg(6)/2, then the Riemann- 
Roch Theorem still makes sense. Now Theorem 14. 61 shows that the divisors, we are interested 



in, are exactly of this kind. Also in Theorem O the dimension of H^ (Y,Oi:)(^q)j is calcu- 
lated to be equal to n. If we insert this into the Riemann-Roch Theorem, we would obtain 
dim H^ {Y, O D{q)) = 0. At this point the first difficulty arises: Equation (p!0|) shows that there 
exists an exact sequence of homomorphisms of sheaves 

^ Od(,) ^Ob^ Od^(^,)/Oy 0. 

If dimif^(y, were to be equal to zero, the exact cohomology sequence of the short 

foregoing exact sequence would imply the short exact sequence: 

^ H%Y, Od(,)) ^ H^Y, O,) ^ H' (f, O D\q)/OY) 0. 

This means that to any sequence of complex numbers indexed by the points of the divisor 
D^[q), there exists a form which is almost holomorphic and takes these values at the index 
points, (i.e. only with poles of order at most two at all covering points of some element of 
Pi) This can't be true (see Theorem |9.5| ). The contradiction is related to the conclusion of 
the last section. Indeed, as we explained, we are only interested in an 'admissible' part of one 
component of the Picard group. Therefore we have to restrict the first cohomology groups to 
some 'admissible' parts. One way to avoid this difficulty is to rephrase the classical formulation 
of the Riemann-Roch Theorem: 

dimH%Y,OD) -dim H°{Y,n_D) = 1- g + deg{D), 

which due to Serre duality (see e.g. is equivalent to the up-to-date version. There is an 

alternative approach, which in some sense compactifies the Riemann surface Y: We use the 
inverse image topology of the covering map to calculate the sheaf cohomology. For any sheaf 
T onY define H\Y,J^) = H'{Pi,n^{T)). Clearly H^iY.T) = H^iY.J^). The behaviour of 
Cech cohomology under refinement (see e.g. ||Fo|| ) shows that H^{Y,T) is in fact a subgroup of 
H\Y,J^). 

Definition 5.1 A divisor D on Y is called of Riemann-Roch type, if 

(i) the support of D is contained in 7r^^(c). 

(ii) for some neighbourhood U of infinity in Pi, there exist cross sections Ui, . . . ,Un of Od on 

7r~^(?7), such that the map 

4>u '■ C'pi t^*{,Od), (/i, • ■ • , fn) ^ J2i=i fi'^i ^■^ csn isomorphism of sheaves on U. 

The restriction of (i) may be dropped, but then we have to pay attention to the possibility 
of zeros of infinite order. On the other hand the condition (i) fits with the modification of 



linear equivalence in the last section. From this definition and Lemma |3]^ it is quite obvious 
that for each divisor of Riemann-Roch type, 7r^,((9£)) is isomorphic to the sheaf of sections of 
a holomorphic vector bundle on Pi. In view of the Riemann-Roch Theorem for holomorphic 
vector bundles this suggests the following: 
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Riemann-Roch Theorem 5.2 Each divisor of Riemann-Roch type D has asymptotic degree 
(1,1,...) in the sense of Remark \3. ?| . Hence deg{D) — deg(6)/2 is a well defined integer. 
Moreover both modified cohomology groups are finite dimensional and the following formula is 
valid: 

dim H%Y, Od) - dim H\Y, OD)=n + deg{D) - 



Proof: In condition (ii) we can impose that Ui has the same value as Vi of Lemma [4.1| , with 
f 1 = 1, at all covering points of infinity. The same argument as used in the proof of Theorem O 
shows that the divisors D and D{q) have asymptotically the same degree. If in addition the Ui 
are even meromorphic on the whole of Y, so that the total degrees of the divisors of the vector 
valued function («!,...,«„) and of D{q) coincide. But 71^:{Od) defines a holomorphic vector 
bundle on Pi, which always has n independent meromorphic sections [|Gu|| . Hence we can even 



assume that the Ui are meromorphic on Pi. Now the claim follows from the Riemann-Roch 



Theorem for holomorphic vector bundles ||Gu|] . □ 
From the proof of Lemma ^]5| we conclude that vr*((9/5t(g)) is natural isomorphic to the sheaf of 
sections of the vector bundle dual to the vector bundle associated to 7r*((9D{g))- More generally, 
for each divisor D of Riemann-Roch type b — D is also of Riemann-Roch type and the associated 
vector bundles are dual to each other. On the other hand the sheaf of holomorphic forms on Y 
is isomorphic to the tensor product of Ob with the pullback of the sheaf of holomorphic forms 
on Pi. Now the Serre duality for holomorphic vector bundles on Pi ||Gi]|| implies Serre duality 
for divisors of Riemann-Roch type on Y : 

Serre duality Theorem 5.3 For each divisor of Riemann-Roch type D Q-d corresponds 
also to a divisor of Riemann-Roch type D' b — D — 2'k^^{\) with some A G Pi. Moreover 
there is a natural non- degenerate pairing between H^{Y, Or,) and H^{Y, Q-d)- 

□ 

The definition of divisors of Riemann-Roch type essentially postpones the main problem, 
namely to find sufficiently many divisors of Riemann-Roch type. In the rest of this section 
we try to characterize some divisors of Riemann-Roch type through their location. In particu- 
lar we are looking for sufficient geometric conditions which in addition are easy to handle. 

Let us choose an arbitrary Ui^^. For each t G X we define tt : Y; ^ i-^ Pi to be the n-fold 
covering, which is obtained from Y after removing all branching points outside of the domain 
excluded from Ui^e with index l. Let -0;,^.^ be the divisor of whose support is contained 
in the excluded domain with index l, and whose restriction to this excluded domain coincides 
with the restriction of D to this excluded domain. For large \l\ this definition does not depend 
on the choice of Ui^e- If we are only interested in such l, we will sometimes omit the indices / 
and e. 

Definition 5.4 A divisor D ofY is called admissible, if 

(i) the support of D is contained in 7r~^(c). 

(ii) the direct image sheaf tc^,{Od,) is isomorphic to Op^ for all l El, which correspond to ex- 

cluded domains in the inverse image of some neighbourhood of infinity under the covering 
map IT. 
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The Riemann-Roch Theorem and the Riemann-Hurwitz formula together ensure deg(Dj to be 
equal to half the branching order of Y^. Hence all admissible divisors have asymptotic degree 
(1, 1, . . .). Let D be any admissible divisor. For all sufficiently large l there exist n unique cross 
sections f i^^, . . . , Vn.i, of Oc^^^ , which take the same values as fi, . . . , f„, with the normalization 
fi = 1, at the covering points of infinity. For all A outside the domain excluded from [/; with 
index l we define the n x n-matrix hi^^^^{D, A) as {hi^^^^{D, X))ij = the value of Vi^,^ at the covering 
point in the j-th sheet over A. Therefore at infinity hi^e,L{D, A) is equal to ho. Now we can state 
the main theorem of this section. 

Theorem 5.5 The following statements are equivalent: 

(i) The divisor D is of Riemann-Roch type. 

(ii) The divisor D is admissible and ■) ~ ^oll/e^ < oo for all I E N with some e 

depending on I. 



We defined the norm || ■ in Example p.9| as the supremum norm on the boundary of the 
domain excluded from 11^^ with index t. The prool0 of this theorem is divided into two steps 
concerning the two implications. In each step we will first state some lemmata, which are 
needed in the following main part of the actual step. Let us begin with the implication (i) =^ 
(ii). 

Lemma 5.6 Let D{Xq, R) be the circle {Agc| |A — AqI = R} and let 

g : D{Xq,R) — > GL{n,C), A t— > g{X) be an analytic map such that \\g{X) — 1 || < 1 for 
all X G D{Xo,R). This map g defines a cocycle of the covering {A G Pi | |A — Ao| < R} U 
{AgPiI |A — AqI > R}. Then the corresponding holomorphic vector bundle on Pi is trivial. 
Moreover, the trivialization can be chosen to be in accordance with a given identification of the 
fiber over infinity with C". 

Proof: We remind the reader of the biholomorphic map of Pi, which transforms D{Xo,R) into 
D{0, 1) and fixes infinity. Let H be the Hilbert space L^(5'^,C"'). We have the decomposition 
H = ©if_ into boundary values of holomorphic maps from the interior of D{0, 1) to C" and 
holomorphic maps defined outside of D[0, 1), which are equal to zero at infinity, respectively. 
In ||F-S| , Proposition (6.3.1)] it is shown that LGL{n,C) is a subgroup of GLres{H+ © H^). 
Moreover it is proven in |P-S| , Theorem (8.1.2) and Proposition (8.4.1)] that g admits a Birkhoff 

factorization q = q+q_, li q = { ^ can be written as f ^ { ^i I with 

^ ' ^ \ c d j \ d j \ d-^c 1 J 

respect to the decomposition H = H^®H_. Hence the vector bundle is trivial, if d is invertible. 
The assumption implies sup |||5'(A) — I || | A G -D(0, 1) | < 1 and therefore ^ ^ ^ ~ 

This proves that d is invertible. In the Birkhoff factorization above g^ is equal to 1 at infinity, 
and the induced trivialization of the vector bundle is in accordance with a given identification 
of the fiber over infinity with C". □ 
Proof of the implication (i) ^ (ii) of Theorem |5.5| : Let D be a divisor of Riemann-Roch 
type. Then there exist n cross sections fi(-D), . . . ,Vn{D) of Od over the inverse image of a 

^^The proof of this theorem may be passed over to the first paragraph in front of equation (p^). 



< 1. 
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neighbourhood of infinity under vr, which induce an isomorphism between the direct image sheaf 
7r*(OD) and O"^. They can be chosen to take the same values as f i, . . . , f„ at the covering points 
of infinity. On some neighbourhood of infinity in X these cross sections define a holomorphic 
n X n-matrix valued function: h{D,X)i j = the value of Vi{D) at the covering point in the 
j-th sheet over A. Let D{X^,R^) be any circle around a domain excluded from f/; ^ with index 
L, such that all other excluded domains sit outside of this circle. The holomorphic vector 
bundle of Lemma |5]^ defined by the cocycle g{X) = h{D,X) corresponds to the direct image 
sheaf ir^^lOu^ ^ J. More precisely, the Birkhoff factorization of h{D, ■) with respect to the circle 

D{Xl,Rl) is given by h{D, ■) = ■)hllXD, ■)ho) ■ (ho^hi^,,,{D, ■)). Then Lemma proves 

that the divisor D is admissible, since hQ^h{D, A) is continuous and equal to the identity matrix 
at infinity. Moreover, h{D, A) has an asymptotic expansion: 



h{D,X)-(ho+J2^rnX~'A 
\ m=l / 



< 



Cm 



Y for all M G N uniformly on Ui 



If e is small enough, then + ^^=1 '^mA is a holomorphic map from f// ^ into GL{n, C) and 



furthermore 



(^0 + J2m=l 



< 2 on this set. Thus we have 



M 



-1 



ho+ E^-A^" KD,X)-l 



m=l 



< 



2c 



M 



|A| 



M+l 



for all M G N uniformly on f/^ 



The proof of Lemma 5.6 even shows that 



Hence we obtain the estimate 



< 





^(A) - 1 




1 - 


^(A) - 1 



for all A e D{Xo,R). 



(AA)-l 



< 



Cm 



\X\M+i 



for all M G N and for all indices l, which correspond to domains excluded from Ui^^. This is 
true for all / G N with some e depending on I. This implies (ii). 

Now we want to prove the implication (ii) =^ (i). Let us first explain the strategy of the 
proof. Let D be a divisor with the assumed properties. We will see that there exist unique 
cross sections fi(-D), . . . ,f„(-D) of On over tt~^{U), with some neighbourhood U of infinity on 
Pi , which takes the same values as fi, . . . , f„ at infinity. Their elementary symmetric functions 
with respect to the covering map n |^o| are of the form c + J2 cti{X) / [3i{X) as in Example at 
the end of Section 2. This implies that D is of Riemann-Roch type. To establish this claim we 
will use perturbative methods. If we remove all the branchpoints and simultaneously all the 
points of the divisor D the resulting surface is isomorphic to (Pi)" and Od becomes isomorphic 
to (Op J". Thus the claim is trivial in this case. In a first step we deform the Riemann surface 
Y to the compact Riemann surface 1^ over some neighbourhood of the branchpoints out of one 



excluded domain. By Definition ^^the space of cross sections of Od, is isomorphic to the space 
of cross sections of (Op J". These deformations of the Riemann surface Y perturb each other. 
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In a second step we present a way to fit together all these deformations. The main tool will 
be provided by the elementary symmetric functions, because they determine functions on Y 
in terms of functions on Pi. It will turn out that these perturbations deform the isomorphism 
7r*(0£)J ~ into another isomorphism n^{Oci) — Opi- 

Let us omit the index l in the first step. In the next lemma tt : F — Pi is assumed to be 
a compact n-fold covering of Pi and D is assumed to be a divisor of Y, such that vr* (Od) is 
isomorphic to Op_^. If we impose that a cross section of Od takes the values xi, . . . ,Xn at the 
covering points of infinity, this cross section is uniquely defined. Then the elementary symmet- 
ric functions of this cross section are rational functions, with poles only at the base points of 
the integral part of the divisor. The values at infinity are of course the usual elementary sym- 
metric functions of Xi, . . . , a;„. Hence for every choice of Xi, . . . , a;„ we have rational functions 
ci{X,xi, . . . , Xn), . . . , c„(A, xi, . . . , Xn) ou Pi, such that 



defines the unique cross section / of Od, which takes the values xi, . . . ,Xn at the covering 
points of infinity. Each of these elementary symmetric functions has the form 



where ei{xi, . . . , x„) is the usual i-th elementary symmetric function of xi, . . . , a;„, /3(A) is the 
polynomial whose zeroes are given by the base points of the integral part of the divisor and 
ai{X, xi, . . . , Xn) are polynomials in A of degree less than the degree of /3(A), whose coefficients 
are homogenous polynomials in xi, . . . , Xn- 

Deformation Lemma 5.7 Let Y and D fulfil the conditions given above. Let U he an open 
subset o/Pi, which contains a hall of radius R> around all the hase points of the integral part 
of the divisor. Moreover, let B he a hall contained in the intersection of all halls with radius 
R/2 around these hase points, and let \\ • \\qb he the supremum norm on the boundary of B. 
Moreover, choose some values Xi, . . . such that \xi — Xj\ > c > for all i ^ j. Assume 
\\ai{-,Xi, . . . ,Xn)/l3\\dB to be small enough for all i = 1,. . . ,n, and let /i, . . . ,/„ he functions 
on U, such that \fi — Xi\ < e, with some e < c/4. Then there exists a unique cross section f of 
Od over Tr~^{U), such that the regular parts of the elementary symmetric functions Ci of f with 
respect to the covering tt are equal to the usual elementary symmetric functions of fi, . . . , fn : 

Ci = ei{fi, . . . , fn) + with some polynomial oti of degree smaller than the degree of j3. 

On the i-th sheet the section f is moreover assumed to he nearly equal to fi away from the hall 
B. In this sense f is a deformation of fi, . . . , fn on the trivial covering P" — > Pi. 

In order to prove this lemma we need two more lemmata. 

Lemma 5.8 Let U he an open subset o/Pi, which contains a hall of radius R> around some 
points Ai, . . . , A„ e C. Let Hol{A) he the Banach space of holomorphic functions on U, which 
extend continuously to the closure AofU. Then the linear map 







Hoi (A) Hoi (A), 
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Proof: We use induction in d. It is quite obvious that the regular part of g{\)(\ — \o)~'^ nf=i('^~ 
A;)^^ is equal to the regular part of ^(A) nf=i('^ ~ where ^(A) = (^'(A) — 5f(Ao))/(A — Aq). 

This function g extends to a continuous function on A. With the help of the maximum modulus 
Theorem ||Co|| we obtain the bound ||^|| < ||5f||2/i?. This proves the start of the induction and 
also each induction step. □ 

Lemma 5.9 In the situation of the preceeding lemma let B be a ball containing the points 
Ai, . . . , Xd, which for his part is contained in the intersection of all balls with radius R/3 around 
the points Ai, . . . , A^. Again let \\ ■ \\qb be the supremum norm on the boundary of B. Moreover, 
let a be a polynomial of degree less than d, and = Ilf=i{X — A;). Then the linear map 



Hol{A) -> Hol{A), g ^ reg 



is bounded in norm by 2||a//3|| 



dB- 



Proof: The rational function a(A)//5(A) can be written as 
«(A) _ ^ 7, - - 1 



/3(A) 



E 



inf=,(A-A, 



with 7j 



27rv^-/9B /9(A) 



"^'^ n (A 



\i)d\. 



Here |7j| is bounded by (i?/3) 



The preceeding lemma now gives the estimate 



\\galii\\ < \\g\\ E?=i(2/3) ^ < 2||^|| □ 

Proof of the Deformation Lemma |5.7| : Let be the unique cross sections of O^, 

whose matrix of values at all covering points of infinity is equal to the identity matrix. For all 
fii ■ ■ ■ ifn G Hol{AY let Ci, . . . , c„ be the elementary symmetric functions with respect to the 
covering vr of / = YJi=i fiUi- Due to the last lemma the map 

Hol{Ar ^ Hol{Ar, (/i, ...Jn)^ (regie,), re(?(c„)) 

is holomorphic. If /i, . . . are all constant, they are mapped onto the ordinary elementary 
symmetric functions of these constants. But on the open subset of Hol{A)^ with \fi — Xi\ < 2e, 
the map 



l! 



/„) 1-^ the usual elementary symmetric functions of (/i, . . . , 



is invertible, if c is larger than 4e. According to the last lemma the difference of these two 
maps is small. Hence we can apply the inverse function Theorem |P-T]| , and the above map is 
invertible for \ fi — Xi\ < 2e. This proves the claim. □ 
Now let D be any admissible divisor of Y. As we mentioned before, the surfaces Yj^e/ and the 
divisors -Dz,e,t fit into the situation described in the deformation Lemma whenever \l\ is large 
enough. In Example |3.9| we introduced the supremum norm on the boundary of these excluded 
domains || • \\i,e,i.- Let C^{D,l,e) > be the smallest constant, such that 



<C,{D,l,e) for all 



< 1, 



\Xn\ < 1 



and 2 = 1, 



, n. 



Proposition 5.10 Let D be an admissible divisor ofY. Then D is of Riemann-Roch type, if 
J2i. Ct{D, l,e) < CO for all I & N with some e > depending on I. 
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Proof: Let Xi, . . . ,Xn be complex numbers, such that \xi 



> c. First we show that there 



exists a unique cross section of (9d over the inverse image under vr of some neighbourhood 
of infinity on Pi, which takes the values at all covering points of infinity. For the 

elementary symmetric functions of this cross section we make the ansatz: 

Ci(A, Xi,...,Xn) = ei{xi, ...,Xn) + Yl "^T^ (compare with 



and Example |3.9| 



The sum contains only those indices, which correspond to excluded domains over the neigh- 
bourhood of infinity on Pi. We choose two neighbourhoods Ui^s, and Ui^, such that for each 
index 6 G X' in the deformation Lemma the closure of U can be chosen to be equal to the image 
under vr of the excluded domain with index l of Ui^s- Also we choose B to be equal to the image 
under vr of the excluded domain with index t of Ui^. Taking / > / for granted, this can be 
always attained by reducing the neighbourhood of infinity on Pi and thereby the corresponding 
set of indices X' of excluded domains over this neighbourhood. Now we introduce the Banach 
space of sequences of polynomials ai,t(A) indexed by i = 1, . . . ,n and l G X', such that the 
degree of ctj^t is less than the degree of /?t(A) from equation ([I^). The norm is given by 



J2 



L5,i 



I = 1, 



.n 



With the help of the deformation Lemma we can now define a map on an open subset of this 
Banach space into this Banach space: 



)e{l,...,n}xX' 



[ai 



< e| -> {(ai,J(j,t)e{i,...,n}xX'} , ("i/) ^ ("^,0, 



such that for all k G X' the section /«; of Oo over the excluded domain with index k, defined 
by the elementary symmetric functions cj^^ = Cj,K + Cij,K,/ Pk is the deformation of the section 
of Op_^ over the same domain defined by the elementary symmetric functions 



. . . , Xn 



teX'\{K} 



Now Lemma 5.9 gives the estimate 



< Ci^{D,l,6) ■ constant 



LS 



The constant depends only on c and xi, . . . ,Xn- The assumption on the divisor implies that 
Z^ksx' Ck{D,1,6) < oo. Hence the image of this map is contained in the domain, if the neigh- 
bourhood of infinity and the corresponding set of indices X' is small enough. The same argu- 
ment for arbitrary I G N shows that the elementary symmetric functions Cj^^ are meromorphic 
functions of the form given in Example |3.9|. Again Lemma shows that 



a 



a' 



< 



L5 



«■ J Ck{D, 1, 6) ■ constant 
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Again the constant depends only on c and xi, . . . ,Xn- This map is a contraction, if the neigh- 
bourhood of infinity and the corresponding set of indices I' is small enough. Due to Picard's 
fix point principle it has a unique fixed point. For such a fixed point the elementary symmetric 
functions Cj^^ do not depend on k. Therefore they define a section of On over some neigh- 
bourhood of infinity of the desired form. In the proof of the deformation lemma we showed 
that near every excluded domain this cross section can be written as / = J2^=i fi,KUi,K, where 
• • • ,Un,K. defines an isomorphism of sheaves O"^ ~ '7i^:{Od) near this excluded domain and 
\fi — Xi\ < 2e. Hence we can choose the values xi, . . . , for n different cross sections Ui, . . . ,Un 



of Od over some neighbourhood of infinity in a way, such that condition (ii) of Definition 5.1 



is satisfied. □ 



Proof of the implication (ii) =^ (i) of Theorem 5.5: It is quite obvious that the condition (ii 



is equivalent to the assumptions of Proposition 5.10. This concludes the proof of Theorem 5.5 



□ 

In the case that n = 2 and that D is an integral divisor, the elementary sjTumetric functions 
in equation (^) of the form given in equation |T2| can be calculated explicitly: Let Ai and A2 
be the two base points of the two branchpoints. Furthermore let the divisor be specified by its 



base point Aq and by a choice of the branch y (Aq — Ai)(Ao — A2). Let / be the unique cross 
section, which takes the values Xi and X2 at the covering points of infinity. It is given by 



X1X2 



f - (xi + X2 + yr^\/(Ao - Ai)(Ao - A2)) / + 
(^i^(2Ao - Ai - A2) + V(Ao - Ai)(Ao - A^)) = 0. (13) 



Now it is easy to see that the condition of Proposition ^.10| is fulfilled in this case. For excluded 
domains, which contain only two branchpoints, the compact n-fold covering vr : ^ Pi 
decompose into one two-fold covering and n — 2 copies of Pi. Hence we can estimate C^{D, I, e) 
with the help of equation (^) even in this case. 

Corollary 5.11 // all the excluded domains corresponding to one Ui^^ have asymptotically no 
overlap, then all integral divisors of asymptotic degree (1, 1, . . .) with support inside of 7t^^{c) 
are of Riemann-Roch type. 

□ 

The case that all domains excluded from Ui^^ have asymptotically no overlap is the generic 
case. Otherwise the Riemann surfaces Y^, are more complicated and may have divisors of degree 
equal to half the branching order, such that the corresponding direct image sheaf ^^.{Od) is 
not isomorphic to Op^". 

Formula (|T3]) shows that the coefficients of the singular parts of the elementary symmetric 
functions are bounded by 4sup{|Ao — Ai|, |Ao — A2I}. This observation was crucial in the last 
proof. These coefficients are bounded on the domain, where all base points of the divisor 
and the branchpoints are elements of a bounded subset of C, iff 71^,{Od) — O'^^ were to hold 
also for singular surfaces Y . But this is no more valid even in the case that n = 2 and that 
the support of D contains more than one point: If Y is the singular Riemann surface of two 
copies of Pi connected by one double point, and if the divisor consists of two points out of one 
copy of Pi with multiplicity 1 and one point out of the other copy of Pi with multiplicity —1, 
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71^,(0 d) is not isomorphic to O"^. There exist similar counterexamples for n > 2 and D integral. 
These counterexamples suggest a more restrictive assumption on the location of the divisor: 
The statement 7r^,{OD) ~ 0^_^ remains true, if this assumption guarantees that in the limit of 
singular Riemann surfaces some of the points of the divisors are deformed into the singular 
points. Then it can be proven that the divisors are of Riemann-Roch type. 

6 The Jacobian variety 

In this section we want to investigate the set of all equivalence classes of line bundles, which 
submit to the Riemann-Roch Theorem. The following definition is suggested from the previous 
section. 

Definition 6.1 Let the Jacobian variety JacohianiY) ofY be the set of all equivalence classes 
in the modified sense of integral divisors of asymptotic and total degree (1, 1, . . .) in the sense 
of Remark ^Tlj , which are of Riemann-Roch type. 

For every divisor D of asymptotic and total degree (1, 1, . . .), which is of Riemann-Roch type 
there exists at least one cross section / of Od, which takes the value 1 at all covering points of 
infinity. Hence all such divisors are equivalent in the modified sense to some integral divisor. 
Moreover, if there exists only one section / of Oo, which is equal to 1 at all covering points of 
infinity, D is equivalent in the modified sense to exactly one integral divisor. Such divisors are 
called non-special in the modified sense. 

Lemma 6.2 For all representatives D of elements of JacohianiY) the following statements are 
equivalent: 

(i) [D] G JacohianiY) is non-special in the modified sense. 

(ii) =0. 

(iii) 'k,{Od)^0^^. 

Proof: (i)^ (ii): The Riemann-Roch Theorem implies 

dimi^° (r, Oz5-.-i(oo)) = dim^i (r, Oo^.-^ioo)) ■ 

For all elements / of {y, C^D-7r-i(oo)) , 1 + / is a cross section of Od, which is equal to 
1 at all covering points of infinity and all these cross sections are of the form 1 + /, with 
/ G C^z)-7r-i(oo)) • Hence (i) and (ii) are equivalent. 

(ii)<;=> (iii): 7r=K(C£i) is isomorphic to Od^ © ... © C^d^, with some divisors Di, . . . , Dn 
of Pi0 such that deg(i:'i) . . . deg(L'„) = 0. Then we have dim^^ {y, OD-n-^oo)) = 
X^iLi max{0, deg(Z)i)}. Hence is (ii) equivalent to deg(Di) = for alH = 1, . . . , n, which is 
equivalent to (iii). □ 
Theorem ^]5| suggests to endow JacohianiY) with the topology induced by the infinite sums 
X;j|/i«,e,t(-D, ■) - /ii,e,t(-D', OIke/- More precisely, only for large hi^^^,{D,-) is well defined. 

^■^This shows the Bh'khoff factorization (see e.g. JP-S| , Proposition (8.11.5)]). 
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Hence these sums define semidefinite metrics on the set of all representatives of elements of 
JacohianiY). Each representative D decomposes into a finite collection of points of Y and 
sequences of divisors in the excluded domains. For the finite collection of points we use the 
natural topology induced by the topology of Y . For the sequences of divisors we use the topology 
defined by all the sums ||^z,e,t(-D, ■) — OIke.t with / G N and some e depending on 

/. These together define a topology on the set of all representatives of JacohianiY). Finally 
the topology of JacohianiY) is given by the quotient topology, which is the finest topology 
such that the map, which maps the representatives of elements of JacohianiY) i— > elements of 
JacohianiY), is continuous. 

Lemma 6.3 For all integral divisors D of asymptotic degree (1, 1, ■) the following statements 
are equivalent: 

(i) I]t \\hi,e,i{D, ■) — /iolke,t < oo for all I E N with some e depending on I. 

(ii) \\hi,e,i{T), ■) — ^o|ke,ikl'^ < oo for any fixed I and e and all k E N. 

Proof: All entries of hi^^^^{D) are meromorphic functions on the compact n-fold covering tt : 
Yi,t,i. ~^ IPi s-iid at the covering points of infinity equal to the corresponding entries of Hq. We 
will use the elementary symmetric functions Ci, . . . , c„ defined by (|TTp and of the form (|T^. In 
our case the degree d of /?(A) is at most n{n — l)/2. Now we need another lemma. 

Lemma 6.4 Let 5 C C C Pi he a hall containing the points Ai, . . . , A^, which furthermore is 
contained in the intersection of all halls of radius r around the points Ai, . . . , A^. Moreover let 
yl C C C Pi he a hall containing the halls with radius R around the points Ai, . . . , A^. Let \\ ■ \\gB 
(^iT'd II ■ WdA he the supremum norm on the houndary of B and A respectively. Finally let a{X) he 
a polynomial of degree less than the degree of P{\) = nf=i(A — A,,). Then we have the estimate 

1 - (r/i?)'^ r 
1 - (r/R) R- 



a 




a 




< 






dA 





The proof uses the same methods as the proof of Lemma □ 
Conclusion of the proof of Lemma |6.3| : The foregoing lemma gives an estimate 

'0\\l+k,t",L 



c'J2\MD, ■) - /^olk,, , < E \MD, ■) - /^oIL,,, < c" ■) - k 



with some constants C", e' and C", e" depending only on /, /c, e and p. □ 
This lemma shows that we can use as well the sequences from (ii)in the same fashion as we 
used the sequences from (i) to define the topology of JacohianiY) . 

Now let IsospectraliY) be the subspace of the Frechet space H°° of smooth periodic poten- 
tials q, such that det (^fil — F{X, q)^ = R{X, jj) = det (^/il — F(A, q)^. In Section H we defined 
a map: 

D(-) : IsospectraliY) Jacohian{Y) , q i— > [D{q)]. 

We were able to lift the shift to a flow on the image of D : (x, ^ [D{Txq)]. This lifting of 

the shift was defined by the property that the action on the corresponding line bundles is given 
by the tensor product with L{x). In order to extend this action to the whole of JacohianiY), 
let us describe the sheaves Ti^iOo) for all [D] G JacohianiY) by cocycles: 
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Let U be an open covering of X of the form 

U = {U}U {U,\l e T}, such that 

Covering (i) U is an open neighbourhood of infinity and 7r^^(f/) is an unbranched n-fold 
covering of U. 

Covering (ii) contains the domain excluded from U with index l. 
Covering (iii) n f/,/ = if 6 7^ t'. 

Then we define the set of cocycles C^(U, 7r=i,(Oy)) to be the set of holomorphic functions 

g,:Ur\U,—> GL{n, C), A t-^ gi,{X), such that 
Cocycle (i) for all t G X there exists some holomorphic map 

g+^, : U, GL{n, C), such that g+^,g, = g,diagonal{fii, ...,fin), 
where /ij is the restriction of /i to the i-sheet over U nU^. 

Cocycle (ii) For all l ^ I det(5'J has trivial winding number around the excluded domain 
with index l (the total residue of the form det~^(5f(,)(idet(5ft) on the set 1/^ is zero). 

Cocycle (iii) There exists some i^' > 0, such that for all \l\ > K g^ extends to a holomorphic 
function on U U X \ U^, which is equal to /iq at A = 00. 

Cocycle (iv) J2t. WQi, ~ ho\\i,e,L < 00 for all / G N with some e depending on I. 
Moreover, we endow C^(W, 7r,,(Cy)) with the topology defined by the metrics 

L 

for all / G N with some e depending on I. Condition (i) ensures that the cocycles describe 
holomorphic vector bundles over X, which are tt^{0) modules. Such vector bundles are the 
direct images of line bundles over Y . Due to condition (i) the asymptotic and total degrees of 
these line bundles are equal to (1, 1, . . .) in the sense of Remark |3.7| . Finally condition (iii) is 
analogous to the assumption (ii) on admissible divisors. 

Proposition 6.5 The line bundles defined by these cocycles of C^{U,tt^,{Oy)) are equivalent 
in the modified sense to some element of JacobianiY). Moreover, the corresponding map 
C^{U,ti^{Oy)) JacobianiY) is continuous. 

Theorem 6.6 The action of the tensor product with L{x) on holomorphic line bundles induces 
a continuous action o/R on JacobianiY), which is denoted by 

R X JacobianiY) — > Jacobian{Y), (x, [D]) T^[D]. 
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The proofQ of this proposition is similar to the proof of Proposition |5.1CI| . First we need a 
lemma analogous to the deformation Lemma. 

Lemma 6.7 Let g and g be analytic maps from the circle {A G C| |A — Ao| = R} —>■ GL{n, C), 
such that \\g — l || < 1 and \\g — l \\ < 1, respectively. Here the norm denotes the supremum norm 
on the circle. Due to Lemma |5.6| both elements of the Loop group admit a Birkhoff factorization 



g = g+g+ and g = g-g+, respectively. Then the following estimate holds: 



\9- -9-\ 



< 



\g-l\\)il-\\g-l 



The proof uses the same arguments as the proof of Lemma ^.61 . □ 
Proof of Proposition |6.5|: Let / = (/i, . . . , /„) be a n-tuple of invertible holomorphic functions 



on U. These functions together define a section of the sheaf Oy over 7r~^(f/), where the 
restriction of this section to the i-th sheet is given by fi for all i = 1, . . . ,n. By abuse of 
notation this section is denoted by / = (/i, . . . , /„). Furthermore, let (^+,Jtgj be any sequence 
of holomorphic functions 

g+y. U, ^ GL{n,C), X ^ g+,,iX). 

Then the line bundles corresponding to two elements (fifjiex {gi)iex of C^(U,t^^{Oy)) are 
equivalent in the modified sense, if 

9+,i9i = g,diagonal{fi, . . . , fn) for all l G I. 

Due to assumption (iii) on the cocycles for large \l\ the Birkhoff factorization around the open 
sets determines g^ as a function depending only on and / = (/i, . . . , /„) : 

(hQ^g+Mih^ElL) = h^^gjiagonalifi, . . . , /„). 

In order to prove the first statement of the proposition it suffices to show that the line bundles 
corresponding to the cocycles of C^(U, 7r^,(Oy)) are equivalent in the modified sense to the line 
bundles corresponding to some integral divisor D of asymptotic degree (1,1,...) over some open 
neighbourhood f/_ of A = cxd of Pi. Now we claim that to each cocycle ((^Jigx there exists an 
invertible holomorphic function / = (/i, . . . , /„) on tt~^{U), which is equal to 1 at all covering 
points of infinity, and an element [D] of Jacobian{Y), such that the Birkhoff factorization of 
hQ^g^diagonal{fi, . . . , /„) is given by g+^^hQ^h^{D) whenever \l\ is large enough. The function 
hi,{D) was defined ahead of Theorem |5]^. For this purpose we introduce the Banach space of 
sequences (/J,eX' = • • • , fn,i))i& of holomorphic functions 

/,:7r-i(f/U(X\f/J)^C, 

which are equal to at all covering points of infinity, and the norm 

||(/JteJ'|| = XI ll/'ll/,£,t < °° "^ith some fixed / and e. 

The set X' contains the indices corresponding to all excluded domains over some neighbourhood 
of infinity of Pi. For all elements (/Jtex' of this Banach space, the infinite product + /J 



24 



This proof may be passed over to Theorem 6.9 
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defines a holomorphic function on UCiUi^e- Witli tlie lielp of the Birkhoff factorization we define 
a map of an open subset of this Banach space into the Banach space 

{(/JteJ'IIK/J.eX'll < e} {(/J^eX'} , (/J.eJ' ^ (/JteJ' : 
Let g+^XK^9i) = hQ^g.diagonal + fw), + fn,L' 

\l'^l l't^l 

be the Birkhoff factorization around the set U^. Then is defined as 

fi • • • ) /n,t) I I ~ \ 1; • • • 5 /- N 1 1 

for all L El' . Now the foregoing lemma shows that the image of this map is contained in its 
domain, if X' is chosen small enough, and furthermore, that this map is a contraction. Hence 
it has an unique fixed point (/fix,t)tex'- Then there exists an integral divisor D of asymptotic 
degree (1, 1, . . .), such that for all t G X' h^{D) solves the following Birkhoff factorization: 

g+,h,'KiD) = g,l[{l + h^,,). 

Lei' 

In fact, the solution hi_{D) of this Birkhoff factorization diagonalizes some g^^^ and furthermore, 
the first row of this matrix valued holomorphic function is equal to the first row of Hq. Then the 
i-th column of this function is equal to the restriction of a meromorphic vector valued function 
v{D) with v{D)i = 1 to the i- sheet of the Riemann surface over Pi \ U^. This proves the 
claim. In order to prove the second statement of the proposition it suffices to show that the 
fixed point of the map above depends continuously on the cocycle ((^Jigj. This is a consequence 
of the estimate of the foregoing lemma. □ 
For the proof of Theorem B?^ we again need a lemma: 



Lemma 6.8 There exists some K >0, such that for all \l\ > K, ln(/x) defines a holomorphic 
function on the excluded domain with index l. 



Proof: Obviously ln(/i) defines a multi valued holomorphic function on tt ^(C). In Theorem ^ 
it was shown that for all e > there exists some c > such that 

l/ii -exp(piA)| < — |exp(piA)| 
for all A G f7o,e and i = 1, . . . , n. This implies the estimate 

ln(;Ui) - {piX + 2ni7rv^ 



with some constant c' > and some integers ni, . . . ,n„ G Z. Now let us extend one branch 
corresponding to the integers nj and Uj of this function from the boundary of the excluded 
domain with index t = {i,j, k) G X to the interior of this excluded domain. Then the foregoing 
estimates on the i-th and j-th sheet imply the following condition: 
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If \l\ is large enough this imphes Ui — nj = k. Due to this condition ln(/i) extends to a single 
valued holomorphic function on the excluded domain with index l. □ 
Proof of Theorem |6.(j|: The foregoing lemma shows that the Birkhoff factorization of 



hi^eA^, ■)diagonal{fil, . . . fi^) 

is given for large \i\ hj 

gj^{-)Ad{eyi^{2'KX\/^diagonal{ni, n„)))(/io ^/i«,e,t(-D, ■)), 
with some holomorphic 

(?+ : excluded domain with index l — ^ GL{n, C), A i— 5'+(A) 



and rii — rij = k. Then Proposition B?^ proves the claim. □ 



It is quite obvious that the subset of JacohianiY) of all equivalence classes of divisors, which 
are non-special in the modified sense, is an open subset of JacohianiY). All equivalence classes 
of this subspace have only one integral representative. Moreover, the topology of this subspace 
is given directly by the topology of the set of representatives of the elements of JacohianiY). 
Now let Jacohian^iY) C JacohianiY) be the subspace Jacohian^iY) = 

= {[D] G JacohianiY) \Tx\D] is non-special in the modified sense for all x G M} . 

This subset is open, too. In fact, let [D] be any element of Jacohian^iY) . Due to the last 
theorem for all x G [0, 1] there exists an open neighbourhood Ux of [D] and an open interval 
{x — ex,x + ex), such that for all (x', [D']) G {x — ex,x + ex)y<Ux the divisor Tx'[D'] is non-special 
in the modified sense. The open covering {{x — ex,x + ex) \x G [0, 1]} of the compact interval 
[0, 1] has a finite subcovering. Then the intersection of the corresponding open neighbourhoods 
Ux is an open neighbourhood of D contained in Jacohian^iY). Hence this subset is open. 

Theorem 6.9 The map [-D(-)] • IsospectraliY) JacohianiY) induces a homeomorphism 
hetween IsospectraliY) and Jacohiano{Y) . 

ProoQ Theorem |4.6| and Lemma |6.2| shows that D{q) is non-special in the modified sense for 
all q G IsospectraliY) and Theorem [4.1U| implies the relation 

[D{Txq)]=Tx[D{q)]. 

Hence the map 

D^-) : IsospectraliY) Divisors{Y),q t— > D{q) 
induces another map denoted by 

[-D(-)] : IsospectraliY) Jacohian^iY) , q [D{q)]. 



Due to Lemma there exists a map 



X JacohianoiY) — > vector valued functions on Y, (x, [D] v{x, [D]) 



( <x,[D]) \ 
\ Vn{x, [D]) I 
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The rest of this section may be passed over. It contains the proof of this theorem. 
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such that 

0^(x,[D]) : Op^ tt^{Ot^d), (/i, ...,/„) ^^ ^ ftVi{x, [D]) 

i 

is an isomorphism and v{x, [D]) takes the same values as the columns of ho at the covering 
points of infinity. The proof of Proposition ^.10 and the preceeding theorem show that all 



Taylor coefficients of v{x, [D]) at the covering points of infinity are continuous functions on 
R X Jacobiano{Y) , which are periodic in x with period 1. Hence there exists a unique continuous 
and in x periodic potential 

g : R X Jacobiano{Y) ^ n x n-matrices, {x, [D]) i-^ q{x, [D]), such that 

n*{ho{pX + q{x, [D]))h,')v{x, [D]) - v{x, [D]) In(^) 
is holomorphic on the neighbourhood of Lemma and at all covering points of infinity equal 



to zero. The diagonal part of q{x, [D]) does not depend on x and [D]. Now let f{x, [D]) be the 
first entry of this function: 

fix, [D]) = {n*{hoip\ + q{x, [D]))h,')vix, [D]) - vix, [D]) ln(^))^ . 

Then the function 

n*{ho{pX + q{x, [D]))h,')v{x, [D]) - v{x, [D]){Hfi) - /(x, [D])) 

extends to a meromorphic function on Y. Indeed, the function given above is a multi valued 
meromorphic function on Y. Then by definition of / this function is single valued and the first 
component is equal to zero. Now we claim that v{x, [D]) is differentiable with respect to x and 
that the derivative is equal to 

^^^^^^ = n*{ho{pX + q{x, [D]))h^')v{x, [D]) - v{x, [/^])(ln(/i) - /(x, [D])). 



One way to prove this claim is to improve Proposition |6.5| and Proposition |5.10| and to show 
directly that this function is differentiable with respect to x (see footnote |2^). But the proofs 
of these two propositions are rather extensive. There is another less tedious way to prove this 
claim: We define for all x G R and all A G f/ \ {oo} with some neighbourhood U of infinity in 
X the function g{x, A) G GL{n, C) such that 

7r*(<7(x,-)MO,[Z^]) = t;(0, 

Due to Proposition ^]5| this function has a decomposition g{x, ■) = g+{x, ■)g^{x, ■) into a con- 
tinuous function 

5f+ : R X C ^ GL{n, C), (x, A) i-^ g+{x, A), 
which is holomorphic with respect to A, times a continuous function 

g_ : R X U ^ GL{n,C), (x, A) ^ g_{x,X), 

which is again holomorphic with respect to A and equal to 1 for A = oo, such that^ 

7i*{g_{x,-))v{0, [D]) 



vix,[D]) 
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The function {Tr*{g-{x, ■))v{0, [D]))i corresponds to the function ni(l + /O of Proposition 5.5 
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Moreover, define the n x n-matrix valued function 

a : R X U ^ n X n-matrices, (x, A) a{x, A) 

such that 

a{x,-)v{x, [D]) = v{x[D])\n{fi). 
Then we saw above that this function has a decomposition 

a{x, ■) = a+(a;, ■) + a„(a;, ■), with 

a^{x, A) = /io(pA + q{x, [-D]))/iq ""^ and 
7r*(a„(a:, X))v{x, [D]) = n*{ho{pX + q{x, [D]))h,')v{x, [D]) - v{x, [D]) ln(/i). 
Then all these functions satisfy the integral equation 



g+{t, X)a{t, X)g^{t, X)dt = g+{x, X)g_{x, A) - ^+(0, A)^_(0, A), 
or more generally^ 

9+^{x, X)g+{t, X)a{t, X)g^{t, X)gZ^{y, X)dt = g^\x, X)g+{y, A) - g-{x, X)gZ\y, A). (14) 
Now we need a 

Lemma 6.10 Due to the integral equation (ff^j, A) and g^{-, A) obey the integral equations 

a^{t, X)g^^{t, X)dt = 1 —g^^{x,X) and 

a-(t, X)g-(t, X)dt = g-{x, A) — 1 , respectively. 



Proof: We define G+^i{x,y, A) = g_^_^{x, A)- 

Ad{g4ti, A))(a+(ti, A)) . . . Ad{g4ti, A))(a+(tj, X))dti ...dti- g+{y, A) 



x<.t\<....<.ti<.y 

and G^^i{x, y, A) = g-{x, A)- 

J Ad{gZ\ti, A))(a_(ti, A)) . . . Ad{gZ\tu A))(a_(ti, X))dti ...dtf gZ\y, A). 

x<ti<...<ti<y 

Now we claim that for all L G Nq the following equation holds: 

9+\x, X)g+{y, A) - g.{x, X)gZ\y, A) = 



27 



It is easy to see that the left hand side is difFerentiable with respect to x at the point x — y and that the 



derivative is equal to a{x,X). On the other side it is possible to improve Proposition 6.5 and Proposition 5.10 



and to show directly that g+ and g- are difFerentiable with respect to x. Then Lemma B.IO is an obvious 
consequence. 
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= X: G^/x, y, A) - j^i-^YG+M A) + r t, A)a(t)G^,z.-Ki, V, 

1=1 1=1 1=0 ■'^ 

In fact, for L = this is just the integral equation ([14|). Furthermore, this integral equation 
imphes the equations: 



r t, A)a(t)G_,z._^(t, y, X)dt 

1=0 



^ (-1)' r t, A)a(t)G_,i+i_Kt, y, m + A) - A) 

for all L G No- The inductive use of these equations proves the claim. The same arguments as 
in Section |^ gives the bounds: 

C C 
\\G+,i{x,y,\)\\ < — and A)|| < — 

with some constant C > depending on x, ?/, A. Hence the sum 

oo oo 

5: A) - 5:(-iyG+/x, 2/, A) 

1=1 1=1 

converges for any fixed x, ?/, A. Moreover, the limit of the first sum is holomorphic with respect 
to A for all A G f/ \ {oo} and equal to zero for A = oo. The second sum converges to an entire 
function with respect to A. Then we have 

oo 

^ (^-^/(x, y. A) = 1 — (y(_(x, A)(7Z"'^(y, A) for all A G f/, and 
1=1 

oo 

— ^(— 1)'G'+,z(x, A) = 5'+^(x, X)g+{y, A) — 1 for all A G C, respectively. 

1=1 

Now let g+{-, A) and g-{-, A) be the unique solutions of the integral equations: 

g+{t, X)Ad{g+{t, A))(a+(t, X))dt = 1 - g+{x, A) and 

rx 

/ g-{t, X)Ad{gZ^{t, A))(a_(t, X))dt = g-{x, A) — 1 , respectively. 
Jo 

These solutions can be given in terms of the infinite sums above: 

oo 

g+{x,X)g+{x,X) = ^(-Ij^G+^O, x. A) and 



5f_(x, A)5f_^(x, A) = ^G'+,i(0,x, A), respectively. 

We have seen above that both infinite sums on the right hand side converge to 1 . Hence 
g+{x, A) is equal to g^^{x, A) and g-{x, A) is equal to g-{x, A). This proves the lemma. □ 
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Conclusion of the proof of Theorem |6.9| : Lemma |6.1(]| now imphes that g+{x, A) and g^{x, A) 



are differentiable with respect to x and that the derivatives are given by 

— — (x, A) = g+{x, A)a+(x, A) and — — (x, A) = a_(a;, \)g-{x, A), respectively. 
ox ox 

Then we have 



{7r*{g4x, ■))v{0, [D])), = exp / /(t, [D])dt . 



X 







This shows that 

dv{x, [D]) 
dx 



rr*{ho{pX + q{x, [D]))h^Mx, [D]) - v{x, [D]){ln{fi) - f{x, [D])). 



By definition q{x, [D]) and f{x, [D]) are differentiable with respect to x up to the same order 
as v{x, [D]). Hence v{x, [D]), f{x, [D]) and q{x, [D]) are smooth functions with respect to x. 
Due to the differential equation for g+{x, A) we have 

g+{x, A) = hog'^{x, A, [D]))hQ^. 

By definition of g{x, A) this implies 

n*{Fi.,q{.,[D])))viO, [D]) = v{0, 

This shows that [D] [D]) defines a map JacohiariQiY) Isospectral{Y), such that the 

composition with [-D(-)] is the identity map of JacohiauQiY). In Section | we have already 
proven that the composition of D with this map is the identity map of IsospectraliY) . All 
Taylor coefficients of [D]) with respect to x can be given in terms of the Taylor coefficients 
of f (x, [D]) with respect to A^^ at the covering points of infinity (see Appendix Hence the 
map 

JacobianoiY) Isospectral{Y), [D] i-^ q{-, [D]) 



is continuous. Theorem |2.6| , the proof of the implication (i)^ (ii) of Theorem ^]5| and Lemma |6.7| 
prove that the map [-D(-)] is continuous, too. This completes the proof. □ 
The map q{x, [D]) is defined even for all (x, [D]) G R x Jacobian{Y) , such that T2[-D] is non- 
special in the modified sense. This observation suggests that at least to all [D] G Jacobian{Y) , 
such that Ta.[D] is non-special in the modified sense for all x in an open dense subset of [0, 1], 
there corresponds a potential with singularities. Moreover, it would be natural to establish a 
relation between the kind of singularity of the potential q{-, [D]) at the point x and the index 
of speciality in the modified sense, which is equal to dimH^{Y, CT^D-7r-i{oo))- 



7 Darboux coordinates 

Our next goal is to prove that the dynamical system of the potentials are completely integrable. 
In this section we take an excursion to certain Darboux coordinates. 

Definition 7.1 Let H^odmedO^' ^) vector space of all meromorphic differential forms, 

which have only poles of order at most 1 at all covering points of infinity. 
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Due to Theorem p.5| the sum over the residues at the covering points of infinity of all elements 
of if^ojigg^(y, f2) is equal to zero. Hence H^^^:^f^^^(Y, Q) is the space of all regular differential 
forms on the singular Riemann surface obtained by the identification of all covering points of 
infinity of Y to one multiple point (see e.g. fS^ ). 



For each q G let T„?i°° be the Frechet space of tangent vectors 5q at the point q. Due 



to Assumption 4.8 the diagonal part of 6q is equal to zero. Now let Qq be the map: 



Here we set ^ = 0. Indeed, with this choice the expression ^^('^Q') becomes a holomorphic 
function on the complement of the union of all branchpoints and all covering points of infinity 



and due to Lemma [4.7| a holomorphic function on some neighbourhood of all covering points 
of infinity. Moreover, it is easy to see that this function is a global section of Oh and due 
to Assumption ^]8] even a section of C6_7r-i{oo)- This shows that fiq{Sq) is an element of 
^modmed(>^,^)- More generally, is equal to dX - ^ for arbitrary g 

and In fact, let R{X, /i) = be the equation defining the Riemann surface corresponding to 
q. For fixed q we have 

dR,, dR^ 

— ctA + T^d/i = 

and the derivatives with respect to 6q obey 

dRdX ^ dRd4i ^dR_^ 
dX dq dfi dq dq 

Combining these two equations we obtain 

~ ,,aR — dR 




As we mentioned before, with Assumption [4.8| the space of potentials ?^°° forms a coadjoint 
orbit and therefore possesses a natural holomorphic symplectic structure. Let uj be the 2 form 
on defined by 

u;iSq,Sq) = j:f' ^'''^"^^'''^"^ dx. 



With Assumption 4.8 it is quite obvious that u; is a non-degenerate 2 form and extends to a 



holomorphic closed non-degenerate 2 form on the Hilbert space 7i.0 

Lemma 7.2 Let q G 7^°° be a potential such that the corresponding Riemann surface satisfies 
the assumption ^analytic = ^algebraic- Now Ict (Ai,/ii) + . . . + {Xd, fJ^d) bc the local part of the 
divisor D in some small open set of Y . After reducing this open set we can always attain 
(Ai,/ii) = . . . = {Xd-i^d)- Then the functions extend to holomorphic functions 

on some open neighbourhood of q in the Hilbert space Ti D 7i°° for all A;, Z G Nq. 

^^Those readers, which are not interested in these Darboux coordinates may pass over the rest of this section. 
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Proof: We know already from Theorem ^]2| that g{x,-,-) is an entire function on C x 7^. 



Hence v{X,iJ,,q) and w{X,jj,,q) defined in Lemma LI with normahzation fi(A,/i, g) = 1 and 
Wi{X,fi,q) = 1 are meromorphic functions on C x C x 7Y. Then there exists some 1 < i < n, 
such that the local part of the divisor D{q) is given by the divisor of for all q in 

some open neighbourhood of q. Hence we have 



, , If, MdX + ^dn 

~; ztta/— 1 a 



27rv-l ir(g) fi 

where r(g) is some loop on the Riemann surface Y{q) corresponding to the potential q around 
the local part of the divisor D{q) for all q in some open neighbourhood of q. Now it is easy 
to see that the right hand side is holomorphic on some open neighbourhood of q. In fact, 
Corollary |2]^ gives an estimate for ||-F(A, q) — -F(A, g)|| in terms of ||g — g||, which ensures that 
there exists some e > 0, such that the above given formula is valid for all \\q — q\\ < e. □ 
With the next theorem we finish our short excursion to the parametrization of the space of 
potentials given by the values of A and /i at all points of the divisors. It is shown that these 
are almost^ global coordinates and, moreover, are Darboux coordinates of the symplectic 
manifold. The book | |P-'ll ] describes from this point of view Hill's equation as a completely 



integrable system with action angle variables, given by these values of A and ln(//) at all points 
of the divisor. In fact, in this case the Dirichlet isospectral sets are exactly the Lagrangian 
submanifolds defined by the property that the values of A at all points of the divisor are kept 
fixed. The next theorem generalizes the 'basic' Theorem 2.8 and Theorem 3.5. It should be 
possible to carry over other parts of the beautiful analysis given in that book. After this 
theorem we want to return to our isospectral sets. 

Theorem 7.3 Let q G 7i°^ he a potential such that the corresponding Riemann surface fulfills 
the assumption ^analytic = ^algebraic- If Q ^ another potential such that the values of X 

and fi at all points of the divisors D{q) and D{q) and the corresponding multiplicities are equal 
up to permutation of the points, then q = q- Moreover these coordinates are almost Darboux 
coordinates in the sense that 

, . ^ dXi dln{ni) dXi dinifii) 

iiEl,) dq dq dq 

This means that in terms of these coordinates the symplectic form is given by 

a; = ^ dXi A (i ln(/ij) . 

i 

ProoiQ : Let -R(A, fi,q) = and -R(A, fi,q) = be the two defining equations of the Riemann 
surfaces corresponding to q and q. We claim that R{X,n,q)/ (/^^^^^f^) is a section of the 
sheaf Ob_D(q) over 7r~^(c) of the Riemann surface Y{q) corresponding to q, and moreover, that 
this function is bounded uniformly on t/o,e for all e > by c/|A|, with some c > 0. In fact 
the divisor of the denominator is equal to b and R{X.fi, q) is assumed to have zeroes at all the 



^^In Example 10.3 this coordinates fail to be one to one. 

■^"^Those readers, which are not interested in this proof may jump to the next section. 
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points of D{q). Now let and fii{q) be the solution of R{X, /i, g) = and -R(A, fi,q) = on 
the i-th sheet of some neighbourhood of A = cxd. Then on the j-sheet of this neighbourhood 
R{X,H,q)/ (a^^^^^t^) is equal to 



is bounded on this set. Then Theorem 12. 61 shows the claim. 



By definition of f/o,„ ^^^(^p^ 

Due to Theorem and Theorem -R(A, /i, g)/ {^■^^%^^^ can be written as 1]?=! /«:^ with 
holomorphic entire functions fi on C. Moreover, are bounded near A = oo by c/|A|. Hence 
they are all zero, and -R(A, /i, q) is zero on the Riemann surface corresponding to q. Then q and 
q correspond to the same Riemann surface and due to Section ^ q and q are equal. Now let 



q^ l be the potential q^ i = q + t5q + t5q. Let v{q^ i) and w{q^ i) be the solutions of Lemma ^ 
with normalization Viiiti) = 1 = Wi{q^^). The function {fifiY = 6xp(a;ln(/ij^)) is of course a 
multivalued function on 7r^^(c) of the Riemann surface corresponding to q^ i- Hence v{x, t, i) = 
7r*{hog{x,X,qt t)h^^)v{qt t)fi-~ and w{x,t,i) = ^(g^ ^)v(q, -) /^t,t^(9t,t)^*(M~^(a^, A, qt^dK^) are 
multivalued meromorphic solutions of (||) and corresponding to the potential T^q^, respec- 
tively. With the choice g = the functions dv(xM=o) ^ dw{x,t=m 8^(^At=o) 
become multivalued meromorphic functions on the Riemann surface Y corresponding to q. Let 
us assume that the matrix p is invertible. Otherwise the transformation p i— > p+al corresponds 
to the transformation (A,/i) y-^ (A, /iexp(— aA)) without change of the Riemann surface. Let 
K, 7 be the meromorphic function — /i. t-r^ of the Riemann surface corresponding to q^ i. Theo- 



rem 2^ shows that at the z-th covering point of infinity n^i is equal to l/pi- It is quite obvious 
that the poles of k = kq.o are the branchpoints of the covering map 7r^^(C) C, induced by 
the holomorphic function /x. More precisely, the branching divisor of this covering map is given 
by the divisor h — (k). Now we need two lemmata. 

Lemma 7.4 Let P{Sq, 6q) be the form 

P{Sq, Sq) = A^ / V gK,^o^(x,0,t = 0)) ^^^^„, dv{x, t = 0, 0) 



Jo \ dt " at 

d{Kt=Qflw{x,t = 0,0)) ^^^^_^ dv{x,Q,t = 0) \ 



dt dt 

With the choice ^ = P{Sq, 6q) becomes a meromorphic differential form on the Riemann 
surface Y with poles only at the branchpoints of the covering map induced by fi and the covering 
points of infinity. Furthermore, this form does not depend on the normalization of the solutions 
v{0,t,i) and w{0,t,i) of ^ and (j^, respectively, whenever w{0,t,i)v{0,t,i) = 1. The sum of 
residues at the covering points of infinity of P{6q,Sq) is equal to 27Ty/—lu!{Sq, Sq). 

Proof: The different values of v{x,t,i) and w{x,t,i) are obtained by multiplication with 
exp{2T!-kxy/^) and exp(— 27r/i;a;\/— 1) with k E Z, respectively. An easy calculation shows 
that P{Sq,Sq) does not depend on k and therefore is single valued. Let f{t,i) be an arbitrary 
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smooth function with values in the meromorphic functions on the Riemann surface correspond- 
ing to Qi-^ and set v{x, t, i) = f(t, i)v{x, t, t) and w{x, t, i) = 1/ fit, i)w{x, t, i). Then we have: 

d{Koi=oU!{x,0,i =0)) dv{x,t = 0,0) 

hopuQ ax— 



dt " dt 

■1 d{Kt=o,ow{x, t = 0, 0)) , .1 dv{x, 0, i = 0) 



Jo di 



dx— 



dt 

d{Ko^i^ow{x,0,i=0)) ,dv{x,t = Q,0) 

I dt di 

^ aK=o,ow(x,t = 0,0)) ^ dvix^^=&) 
dt di 
1 df{t = 0,0) 9 n 



/(0,0) dt dtJo 

1 df{0,i=0) d 
7(0,0) dt dt Jo 



Kq ^^(^w{x, 0,i = 0)hophQ ^v{x, 0,i = 0)dx— 
Ht=o,o'w{x, t = 0, 0)hQphQ^v{x, t = 0, 0)dx. 



The function ^^^^'^'''^ is a solution of the differential equation 



^ + ciix) + Xp^^+pgix,X,q) = 0, = 0. 



Due to Lemma |2?T| is given by 



= ^(1, A,g) / g \x,X,q)pg{x,X,q)dx. 



dX 

Hence we have 

KtiJ^ w{x,t,i)hophQ^v{x,t,i)dx = -Ktiw{0,t,i)7r* ^F~^(A,gt,f) ^^^g^^*'*^ ) ^'(0,iJ) = 

This shows that P{6q,6q) does not depend on the normalization of v{0,t,i) and w{0,t,i), 
whenever w{0,t,i)v{0,t,i) = 1. Therefore P{Sq,Sq) have poles only at the branchpoints of 
the covering map induced by fi and the covering points of infinity. In order to prove the last 
statement we claim that at all covering points of infinity P{Sq, Sq) has the same residues as the 
form 

f^ dwix,t = 0,0) ^ dv{x,0,i=0) ^ 

-^"-^ / ^ ^op/^o 7^ dx- 

Jo dt dt 

dw{x,0,i=0) ^ dvix,t = 0,0) ^ 

AaA / -~ hophQ dx 

Jo dt dt 

as well with the choice = as with the choice = 0. The first is true because = —dX 

aq aq l-i 

dK - 

and has a zero of order 2 at all covering points of infinity. The second is true because the 
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difference of ^ with the choice ^ = minus ^ with the choice ^ = is equal to ^||, where 

^ is taken with the choice ^ = and similar statements about t|, % and In fact, all 

at dq at 'at at ' 

these differences have zeroes of order al least 3 at all covering points of infinity. Hence the sum 
of the residues at the covering points of infinity of P{Sq, Sq) is equal to the sum of residues at 
the covering points of infinity of 

/■! dw{x,t = 0,0) ^^_,^ dvix,0,i=0) ^ 

dX / TT [hopXh^ ) -J dx- 

Jo ot ot 

f^ dw{x,0,t = 0) x.-i^^!!(M = M) , 

-d^ / ^7 ^ [hoP^K ) — dx. 

Jo ot ot 

Let J2 denote the sum over all sheets of the covering map vr. Then Lemma O implies 

at " C'""^''" ' at 



Now the asymptotic expansions of v and w in Theorem |2 .41 and Theorem |2.6| imply that the lead- 
ing term in the asymptotic expansion of (^Hq^ 0, 0)^ /iq) . . and (Jiq^ ^^^^gf~^^ w{x, 0, 0)) ho 

is given by and for i ^ ?', respectively. Hence the sum of the residues at the 

Pj Vi Pj Pt 

covering points of infinity of P{5q, 5q)d\ is equal to 

f^Jo Pj-Pi P^-Pj f^Jo Pi-Pj 

This completes the proof of the lemma. □ 
Lemma 7.5 Let Q{Sq, 6q) be the form Q{Sq, 6q) = 

_ ^^.../^ n n\u ^i.~i9v{x,0,i = 0) 

fi 

'^J r n n\u ,-idv{x,t = 0,0) 



^, f C)^ / « ^x, ,~TOV[X,0,t = [) , 

-d/i / —w{x,0,0)hophQ -~ dx+ 

fi Jo ot ot 

"y" / T^«^(a;,0,0)/zop/io dx. 

Jo Ot ot 



/i 

With the choice ^ = Q{5q,5q) is a single valued meromorphic differential form on the 
Riemann surface Y with poles only at the branchpoints of the covering map induced by fi and 
the poles ofv{q). Ifv{qf ^) has a simple pole of order 1 at {Xo{t,i), fj,o{t,i)) and if this point is 
no branchpoint, the local residue of the form Q{6q,6q) at this point {XQ{t,i), fj,Q{t,i)) is given by 



2ny 



'(9Ao i91n(/io) dXod\n{fiQ 



dt dt dt dt 



Moreover, if v{q) has no poles and zeroes at the branchpoints, the total sum of all residues at 
the branchpoints of the covering map induced by fi of P{6q,6q) + Q{Sq,6q) is equal to zero. 



7 DARBOUX COORDINATES 



50 



Proof: If we multiply v{x,t,t) and w{x,t,t) by exp(27rA;a;V— 1) and exp{—2TTkx\^—l). respec- 
tively, again Q{Sq, 6q) does not change. Hence it is single valued. The statement about the 
poles is obvious. If f{t, i) is locally a holomorphic function such that the divisor of f{t, i) is 
locally equal to D{q^ i), 

c-~x 1 f^d\_, ^ , _i 9i;(a;, 0,t = 0) , 

Q[6q, dq) = d/i / -^w[x, 0, Ojhopho -~ dx+ 

H Jo at at 

K, r^dX^, ^ , ,dv(x,t = 0,0) ^ 

H — dfi —^w{x,0,0)hophQ dx 

11 Jo at at 



f^^^.r.l^ n n^u -1 ^^(^' ^ = 0' 0) . 

with v{x,t,i) = f(t,i)v{x,t,i) and w{x,t,i) = w{x,t,i)/ f{t,i) is locally holomorphic. Hence 
the residue at (Ao(0, 0), /xo(0, 0)) of Q{Sq, Sq) is equal to the residue of 



( ^ dmt^O) dX 1 df {t ^ 0,0) dX\ dpi 
Q{6q, 6q) - Q{6q, 6q) = (^-^ - ^ J -. 



This residue is equal to 



^— /(9Ao (91n(/io) (9Ao<91n(/io 



To prove the last statement we first note that P{Sq, Sq) + Q{5q, Sq) is equal to 

9 , /"^ / ^ ~ 7 7-1 dv(x, t = 0,i = 0) , da 

^><i^o,t=o w{x,0,t^O)hophQ — dx 

at Jo at II 



9 , , X , 7 _i dvix, t — 0,i — 0) ^ d/ji 

- — XKt=o,o w{x,t = 0,0)hophQ -~ dx — . 

at Jo at 11 

Now let {Xo(t,t), fio(t,t)) be a branchpoint of order bo of the covering map induced by such 
that v{x,t,t) has no pole at (Ao,/Uo). A local coordinate on the Ricmann surface is given by 
j^6o+i _ ^ _ Then we claim that ^(i/x w{x, t, t)hophQ^^{x, t, t)dx has a pole of order 1 at 
(Ao, Aio); and the residue of this form is locally equal to the residue of the form 

ldfid_ f dR{X, fj, qtj) \ 

2 1^ dt'^y dX j ' 

where again the derivative ^ is taken with the choice |^ = : 

d dR{X, fx, q^) \ ^Rx^^Rxx dX 



dt V dX ) Rx ' Rx dt' 

Here we used the subscript to denote partial derivatives. In order to prove this claim we need 
some preparation. The divisor of w{x,t,t) is given by —b minus the divisor of v{x,t,t). Due 
to the assumption ^effective = ^analytic, w{x,t,i) has also no poles and zeroes at (Ao,/io)- Now let 
(A, n) and (A', ii) be two different points of the Riemann surface Y such that the covering map 
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induced by n project them onto the same point e C. Let v' be the value of v at (A', /i). Then 
we have 

w{x, t, t)hophQ^v\x, t, t)dx — 
1 ( ( d _ , \ ( d 



A- A' 



^ w{x, t, i)ho ( ( ^ + <lix) + ) ~ ( ^ + ^*^^) + P^' ) ) ho^ix, t, i)dx = 0. 



More generally, let the prime denote the value of the corresponding function at the point with 
local coordinates u' and the function without prime denotes this function at the point with local 
coordinates u. We can expand the function Jq kw{x, t, i)hophQ^v'{x, t, i)dx in a Laurent series in 
v and v' : Y^i>-bo,i'>o <^i,i'^\''^'Y ■ Since k has a pole of order 6o, we may assume / > — 6o- For v — 
v' this function is equal to 1 : 1];+;'=^ a.;,/' = 5l.o; and for = v ^ u', this function is 

equal to zero. With the help of a finite Fourier transformation we obtain ai^r = 0, if / + /' < 
and a^i^i = l/(6o + 1) for / = 0,1,..., 6o- The form Jq Kw{x,t,i)hophQ^dv{x,t,i)dx has a 
Laurent expansion of the form 

l>-bo,l'>0 l>-bo,l'>0 

The second term vanishes and the first term has a simple pole of the form X^f^o 6^+117 ~ ^17- 
Since Rx{X, fi,q^ij has a pole of order bo at {Xo,Ho), this form has the same pole as the form 
^dln{Rx{X, fJ^, qi i). This proves the claim. If v{q) has a no poles and zeroes at the branchpoints 
of the covering map induced by /x, the total sum of residues at the branchpoints of the form 
P{Sq,5q) + Q{5q,5q) is equal to the sum of residues at the covering points of infinity of the 
form 

1 da ( d\ d „ , d\ d ,^ ^ .\ 

where all derivatives are taken according to the choice ^ = 0. At the beginning of this section 
we showed that = -n{5q) and = are elements of H^^^^-^f^^^{Y, il) . Since 

ln(/t) and ln(/t) has zeroes of order at least 2 at all covering points of infinity, the total sum 
of all residues at the branchpoints of P{Sq, 6q) + Q{Sq, 6q) is also equal to the sum of residues 
at the covering points of infinity of the form 

^n(5g)|ln(it:,)-iQ(5?)|_ln(it:,), 

where all derivatives are taken according to the choice ^ = 0. Now we claim that this is 
also true if the derivatives are taken according to the choice ^ = 0. In fact, the difference of 
ln(i?^) with the choice ^ = minus ln{R^) with the choice ^ = is equal to ln(7?^)|^, 
where the derivative is taken according the choice ^ = 0. Hence the derivatives can be taken 
according to the choice ^ = as well as to the choice ^ = 0. Let us now take all derivatives 

dX 
dq 



according to the choice 4^ = 0. 



^fi(5g)|ln(i?,)-il](5g)|ln(i?,) 
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~ 2 \i^di \ dt) fi dt \ i?^ i?^ di ^ 

Now let fii be the value of fi in the i-th sheet over A. Then 



" " " duk 

^(-^^ /^) = n(/^ - /^i)' = H liif^ - l^i) and R^,t = Y.Y. — ^ IK/" " /"i)- 

j=l j=l j^j j=l fc^j i^/c J 

In the ?'-th sheet ^ takes the value 



c^Mi _|_ d^J± 
dt 



■jT ln(/i) is bounded on some set Uq^^ by c|A| ^. In the beginning of the proof of Theorem ^ 



we used the fact that sup{|/Xfc|, \^j\}/\fik — fJ'jl is bounded on all f/o,e. Hence is bounded on 
all t/o,e by c/\X\. This implies that the total sum of residues at all branchpoints of the covering 
map induced by fi of the form P{6q, 6q)+Q{6q, 5q) converges to zero in the sense of Remark [31^, 
if v{q) has no poles at this branchpoints. This completes the proof of Lemma |7.5| □ 
Completion of the proof of Theorem |7^: It is quite obvious that Q{5q, 5q) has no poles at 
the covering points of infinity. If D{q) has no poles at the branchpoints of the covering map 
induced by /i and furthermore is composed only of simple points, the last two lemmata show 
that 

d\i , ^ ,d\n{fii) dXi d\n{fi 



i^n(n^ dq dq 



dq dq 



i^D{q) 

and that this sum converges. If we look more carefully at the proof, we see that it is also valid 
without this restriction. □ 



8 The tangent space of the Jacobian variety 

It is known that in the case of the Korteweg-de Vries equation the isospectral sets are not 
submanifolds of the space of potentials. Hence we cannot expect that the isospectral sets are 
differentiable manifolds with a tangent bundle. Nevertheless we can define a subspace of the 
tangent space of the space of potentials, of tangent vectors along the isospectral sets. By abuse 
of notation this will be called the tangent space. 

Definition 8.1 Let Cq C TqW^ he the kernel of the map Qg : TgW^ i7°„dified(^. 

In general the map tt : Y X is not continuous. Nevertheless, the holomorphic functions on 
7r~^{U) are well defined for all open sets U of X. Hence the direct image sheaf of the holomorphic 
functions 7r*((9_7r-i(oo)? ^) is a well defined sheaf over X. Moreover, there exists a natural 
homomorphism (9„^-i(oo)) if ^(X, 7r^,((9_^-i(oo)). Indeed, let Y be the set Y with the 

unique coarsest topology containing the topology of Y and the inverse image of the topology 
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of X under vr. Then there exists a natural inclusion H^(Y,0_T,-i(^ao)) ^ H^(X,C)-Tr-^(oo))- K 
is quite easy to see that each covering of Y has a refinement, such that the first cohomology 
group with respect to this refinement is equal to the first cohomology group with respect to 
some inverse image of a covering of X. Hence H^(Y, 0_7r-i(oo)) and 7r*((9_7r-i(oo))) are 

isomorphic. This gives the natural inclusion if^(Y, (9„^-i(oo)) ^ i/^(X, 7r^,(0_jr-i(oo)))- In 
Section | we already indicated that there exists a isomorphism of sheaves over X : 

where J2 denotes the sum over all sheets of the covering map vr. Now let M„(0_oo) denote the 
sheaf of rings of n x n-matrices with values in O-oo on X and 0-oo,g the subsheaf of all matrices, 
which commute with F{-, q). Then there exists a natural inclusion (9oo,g ^ Mn{0-oo)- Putting 
all this together we have the following sequence of homomorphisms: 

H\Y,O.^^H^)) ^ H\X,7r40^^-^^))) ^ H\X, O.^^,) ^ H\X, Mn{0.^)). 

Let v{q) and w{q) be the solutions of (|) and (|) with normalization Vi{q) = 1 = Wi{q). 
Furthermore, let Ud he the complement of the support of the divisor D{q) in Y. 

Lemma 8.2 For each element c G H^{X, O-oo.q) in the kernel of 

H\X, ^ H\X, Mn{0^^)) 

there exists a section f of On on 7r^-'^(c), such that under the homomorphism 

H\Y,0^^-i^^)) ^ H\X,7:,{0^^-i(^^))) - H\X, O^^^g) 

the cocycle [f] G H^{Y, 0_^-i(oo)) induced by f with respect to the covering Y = Ud ^ n^^{C) 
is mapped onto c. Moreover, there exists a unique vector valued meromorphic function 6v on 
Y , with poles only at the poles of v and zeroes at all covering points of infinity and a section 
a+ of MniO^oo) on <C, such that 

vf = 7r*(a+)f — 6v and {6v)i = 0. 

Proof: Since c is an element of the kernel of H^{X,0-oo,q) H^{X, Mn{0-oo)) there ex- 
ists a cochain b G C°(W, M„(0_oo)) with some covering U of x, such that 6b is a repre- 
sentative of c G C^(U,0^oo,q)- For any open set U of U we define on 7r~^(f/) the func- 
tion 6vu = 7T*{bu)v — v{7c*{bu)v)i. If V is another element of the covering U, on tt^'^{U fl 
V) the function 6vu — Svy = iT*{bu — bv)v — v{tt* {bu — Since 6b is an element 

C^(U,0-oo,q), T^*{bu — bv)v = v{7i*{bu — bv)v)i. Hence 6v is a meromorphic function on 
Y with poles only at the poles of v and zeroes at all covering points of infinity. If b is an 
element of C^(U,0_oo,q) the same argument shows that 6v = 0. This shows that 6v depends 
only on the element c of H^{X,0-oo,q)- If {^o, f^o) G F is a pole of v and U is an element 
of the covering such that 7r^^(f/) contains this pole, then the singular part of {7!'*{bu)v)i does 
only depend on c. Indeed, if V is another element of the covering, which contains this pole, 
'^*ibu — by)v = v{TT*{bu — by)i and {7i*{bu — &v)i is holomorphic, since 6b is an element of 
C^(U,0_oo,q)- Hence c defines a unique Mittag LefHer distribution on Y, more precisely, a 
global section of the sheaf Od/O. Due to W3, Theorem 26.3] there exists a solution/ of this 
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Mittag Leffler distribution on 7r^^(c). The function / on 7r~^(c) together with the zero function 
on Ud defines an element of C° (^{f/z), 7r~^(c)}, 0£)_^-i(oo)) • The coboundary of this element 
defines an element of if^(Y, (9_^-i(oo)) denoted by [/]. Now we claim that under the map 
H^{Y, C_^-i(oo)) > H^{X, 7r*((9_^-i(oo))) — H^{X, 0-oo,q) [/] is mapped onto c. A representa- 
tive of the image of [/] in H^{X, 7r^,(0_^-i(oo))) is given by the coboundary of the cochain defined 
by the zero section of vr^,((9_^-i(oo)) on Pi\n (supportD) and the section / of 7r^,(C£5_^-i(oo)) on C. 
Now let Wn{C, Pi\7i (supportD)} be the covering {[/ n C, [/ n (Pi \ 7r{supportD))\ U e U}. Then 
we define the following element of C°(Wn{C, ¥i\7i (supportD)}, 7r*(C_^-i(oo))), which on U flC is 
equal to f —{j^*{hu)v)i and on U rWi\-n {supportD) equal to zero. The coboundary of this element 
is equal to the image of [/] under H^{Y, (9_^-i(oo)) ^ H^{,X, 7r*(C_^-i(oo))) minus the image of 
c under the isomorphism H^{X, O^oo,q) — H^{X, vr^,((9_^-i(oo)))- This proves the claim. Finally 
we note that by construction of / the function a+ = I] Pf — Yl 6vw/wv is a section of M„((9_oo) 
on C, and vf = TT*{a+)v — 6v. The functions a+ on C and the function a_ = —J^^vw/wv on 
Pi \ n^supportD) define an element a of C° ({C, Pi \ n (supportD)}, Mn{0-oo)) , such that Sa is 
equal to the image of [/] under (9_^-i(oo)) ^ H^{X,tt^:{0^t,-i(^oo))) — H^{X,0-oo,q)- 

This completes the proof of the lemma. □ 

Definition 8.3 Let -f^g^modifiodl^' ^) H^0^^O--k-^(cx>)) be the vector space of all cocycles in 
the kernel of the homomorphism 

H\Y,0_^-^^^)) ^ ifi(X,7r,(0_,-i(^))) ~ H\X,0^^,tJ ^ H\X,M^{0.^)) 

for all X e [0, Furthermore let -f^g, modified ^) H^iX^ C^-7r-i{oo)) be the preimage under 
the homomorphism 

if^(y,0_^-l(oo)) H\X,7l,{0^^-.^^))) ~ H\X,0^oo,q) 

of the subspace H^{Fi, C-oo,g) C H^{X, 0_oo,<?)- 



Lemma 8.4 -^g^modifiodl^' ^) ^■^ the same for all q G Isospectral(Y) . Hence we will omit the 
index q. Moreover, -?^modifiod(^) ^) ^■^ contained in -f^g,modifiod(^) ^) /^^ 'i ^ Isospectral(Y) . 

Proof: Since if ^(Pi, M„((9_oo)) = we can apply the last lemma. Since Pi is compact, we 
can calculate the cohomology groups with respect to some finite covering. Moreover, for each 
open subset f/ C C C Pi, H^{U,0^oo,q) ^ H^ {-r-^ {U) , O) = (see [0, 26.1] ). Hence 



we can calculate the cohomology group with respect to some covering Pi = f/+ U f/_, with 
t/+ C C C Pi and some neighbourhood f/_ of oo G Pi. To each element c G H^{Fi,0-oo,q) 
there exists a cochain b G C° ({?/+, f/_}, M„(0_oo)), such that 6b is a representative of c in 
{{U+,U-}0-oo,q)- Similar arguments as in the proof of the lemma before show that the 
coboundary of the cochain / G C'^ {{'n-^^{U+), 71^^(11^)}, Ai), with f.n-i(u+) = {'^*{bu+)v)i and 
= (7r*(6(7_)f )i is a representative in M 7r^^([/+), 7r^^(f/_)}, (9_7r-i(oo)) of the preim- 



age of c under the inclusion H^{Y, 0-7r-i(oo)) ^ H^i^i, C^-oo,?)- Now let q G IsospectraliY) be 

■^^With the help of Proposition |6.5| and Theorem |6.6| one can prove that this condition is equivalent for all 
X G [0,1]. Hence we may impose this condition only for x — Q. But in general modified ^) ^^^^ 
coincide for all q G Isospectral(Y) . This vector space is the same for all q and q, such that E*{q) (g) E(q) is an 
element of the real part of the Picard group (Compare with Theorem 9.5). 
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another potential. Then it is obvious that [/] corresponds also to an element of H^{¥i, 0-oo,q)- 
This shows that -?^g,modified(^5 ^) does not depend on q and furthermore, that -f^modified(^5 ^) is 
contained in i/q^,„,odified(^> C*) . □ 
For compact Riemann surfaces Serre duality gives a non-degenerate pairing between the first 
cohomology group of the sheaf of holomorphic functions and the vector space of holomorphic 
differential forms. With the help of Lemma |8.2| we can write down the corresponding pairing 
between Hl^^^^^^{Y, O) and H^^^.^^^{Y, Q) as an infinite sum: Let [/] G Hlmodi&cdi.^^^^) be 
represented by a cocycle of the form defined in Lemma K^. Then for all u G -f^iodifiedl^i ^) 



Res{[f],u;) = -J2Res{f, 



UJ 



where the sum runs over all poles of / on 7r~^(c). This is equal to the sum of residues of fuj at 
all covering points of infinity. But in general this sum does not converge. If [/] is an element 
of -^modified (^) ^) of the form defined in Lemma 



where the first sum runs over all poles of /7r-i(t/+) on ti^^{U^) and the second sum runs over 
all poles of fn-^(U-) on tt'^CU^). Since —fn~^(u+) + f-K-^[U-) is holomorphic on t:~^{U^ fl f/_), 
we can omit the poles on t{~^{U+ fl f/_). Then the first sum becomes finite and the second 
sum converges due to Theorem |3.5| . This shows that Res is a well defined pairing between 
-f^modified(^5 O) and -f^modificd(^5 Now wc cau statc the main theorem of this section: 

Theorem 8.5 (i) There exists an isomorphism of vector spaces dVq : H^^^^^:^^^^{Y,0) Lq, 
which is uniquely determined by the property that for all [f] G -f^q,modificd(^5 ^) 

^{dTqim = 6v, 



where 5v was defined in Lemma 

(ii) For all [f] G -f^g, modified ^) ^'^^ ^ TqT-C°° the following relation holds: 

u;{dTq{[f]),6q) = -^^Res{[f],nq{6q)) 

and the infinite sum on the right hand converges. 

(iii) The pairing Res between H^^^:^f^^^(Y, O) and H^^^:^f^^^{Y, Q) is non-degenerate. 

(iv) Cq is a maximal isotropic subspace ofTqT-C°° with respect to the symplectic form uj. 
ProoQ Let [/] G -f^q,modified(^5 ^) a cocycle of the form defined in Lemma |8]^ and 

a{x) =Y,v{T^q) { M T^q). 

^ w{T^q)v{T^q) 



32 



This proof may be passed over. 
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Due to the proof of Theorem |4.1CI| a(x) is equal to hog(x, ■, q)hQ^a{0)hQg^^(x, ■, q)hQ^ . This 
imphes that a{x), ^ + {p^ + li^)) ^ = 0. By definition of -f^g, modified ^) due to 
Lemma there exists for all x G [0, 1] a decomposition a{x) = a+(x) +a_(x), such that a+(x) 
is an entire function from C into the n x n-matrices and a-{x) is a meromorphic function on X, 
which vanishes at A = oo. Then the commutator [a(x), ho{p\ + q{x))hQ^] has a decomposition 
of the same form and both functions a+{x) and a_(a;) are smooth with respect to x. Then we 
define 



6q{x) 



{x)ho, + pA + q{x) 
ax 



+p\ + q(x), hn ^a_(x)ho 

ax 



This equation shows that 6q{x) is an entire function with respect to A and is holomorphic near 
A = oo. Therefore it does not depend on A. Moreover, it is a smooth function with respect to 
X. Now we claim that 6v = — 7r*(a_(0))f (g) satisfies the relation 

7r*{F{;q))6v + 7r* (^^{.,q){Sq)j v = 6vfi. 

Let 6v{x) be the multivalued meromorphic function Sv{x) = —n*(a^(x)hog{x,-,q)hQ^)vjj,'~^. 
Since a{x) is periodic with respect to x, we have 6v = 6v{0) = 6v{l). Furthermore, Sv{x) is a 
solution of the differential equation 



vr* 1^-^ + ho{pX + q{x))hQ^j 6v{x) + 6v{x) ln(/i) + vr* (ho6q{x)g{x, -, q)hQ^^ f/i""" 

Due to Lemma |2]l| Sv{x) is then equal to 

Sv{x) = vr* (^hog{x, -, g)/io ^) (^^ TT*{hog-\t, -, q)5q{t)g{t, -, q)h^^)v + (5t;(0)^ 
For a; = 1 we obtain the equation 

'dF 



0. 



-1 



is a solution of this equation. With the 



This proves the claim. For each 5q E Cq, Sv — 
normalization {Sv)i = this equation has only one meromorphic solution, since there are many 
A G C, such that -F(A, q) has n different eigenvalues. This shows that 6v corresponding to [/] 
is equal to It is quite obvious that 6q is an element of Cq if and only if 



|^(5g)/.-7r*(F(-,g))|^(5g) 



is an element of the form 'k*{6F)v, with some entire function 6F : C — > n x n-matrices. Hence 
we have a map dTq : H^^^odi&edO^y ^) ~^ ^q- Now we claim that for each vector valued function 
5v, which vanishes at all covering points of infinity and furthermore satisfies the relations 



- 7r*(F(-, q))5v = n*{6F)v and {6v) 
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with some entire function 6F : C — n x n-matrices, there exists one and only one element 
c e H^{X,0-oo,g) in the kernel of H^{X,0-oo,g) ^ M„(0_oo)), such that 6v is equal 

to the corresponding meromorphic function constructed in Lemma |8.2| . The relation Sv/j, — 
TT*{F{-,q))6v = TT*{6F)v is equivalent to the relation 



wv 



5F. 



To proceed further we need 

Lemma 8.6 Let the following homomorphism of sheaves be an isomorphism: 

n 
i=l 

Then for all Aq G C the centralizer of F{Xq, q) is spanned by 1 , F(Ao, q), . . . , F"~-^(Ao, q)- 

Proof: Let -R(A, fi) = det(yul — -F(A, q)) = be the eigenvalue equation and let (Aq, yUo) ^ any 
solution of this equation. Then the condition implies that -R(Ao, F{\q, g))(F(Ao, q) — /UqI Q 
is not equal to zero. This implies the conclusion of the lemma. □ 
Due to the assumption ^analytic = ^effective = ^algebraic the couditiou of the foregoing lemma is 
fulfilled. Then this lemma and the equation ahead of this lemma imply that in a neighbourhood 
of every pole of J2^vw/wv there exists a meromorphic section / of vr^,(0), such that J^Pf ~ 
Svw/wv is holomorphic on this neighbourhood. Therefore the singular part of ~f defines 
a Mittag LefHer distribution on 7r~^(c). Now let / be as in Lemma |8.2| a solution of this 
Mittag Leffler distribution on 7r~^(c). Then vf + 6v is a vector valued section of the sheaf 
^D{q) over 7r~^(c). Hence there exists an entire function : C n x n-matrices such that 
vf = 7r*(a+)f — 6v. Since {Sv)i = 0, we have / = (7r*(a+)t>)i and 6v = n*{a^)v — f (7r*(a+)f )i. 
If two elements c and c' of H^{X,0^oo,q) correspond to the same element 6v, the difference 
of the two corresponding 0-cochains b and b' used in the proof of Lemma P]^ is a cochain 



in C^{U,0^oo,q) and 5{b — b') = c ~ d. Hence they are equal. This proves the claim. In 
particular, we have for all 5q E Cq a. cocycle [/] G H^{Y, C_7r-i(oo)) as in Lemma such that 



'^('?)/ = T^* ~ with some entire function a+ : C — ^ n x n-matrices. Let f (x, q) be 

the multivalued solution v{x,q) = TT*{hQg{x, ■,q)hQ^)v{q)fi~^ of (^) to the potential T^q. Then 
we have v{x, q)f = 

= -K* (^hog{x, -, g)/io ^ + ^o ^^^g^'^^ (^g)^o^^ ho9~^{x, g)^o ^ j ^(^' ^ ^V ?) 

1 ^^ dv{x,q) dv{x,q) , f dFjT^q) \ 
andvr {F{-,T^q)) — — — {6q) — — {6q)i2 = 7i I — [TJq) j v{x,q). 

Since the solutions of the last equations are unique up to summation of some multiple of 

v(x,c 



v{x,q), is equal to 



dv{T^q), . , . dvi{x,q) 

— — — {TJq)vi{x,q) H — {dq)v{x,q). 



^•^The singularity of the function i?(Ao,/^)(/i — /io) ^ aX fi — /iq niay be removed. Hence this function should 
be considered to be a polynomial of degree n — 1 with respect to n as well as with respect to F(Ao, q). 
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Similar arguments as in Theorem [4.10| show that ^^^^^^(Sq) vanishes at all covering points of 
infinity. Hence we have 

v{T^q)f - f-{x) = n*{a+{x))v{T^q) - ^^^^^^^{TJq), with 

a+(x) = hog{x, q)hQ^ (^a+ + ^o ^^^g^ ' '^V g)%^^ ho9~^{x, g)/io ^ and 

dvi{x,q) .Vi{T^q) 

f'^^^ = V' 

oq vi[x,q) 

which is a single valued meromorphic function on Y and vanishes at all covering points of 
infinity. The cocycle represented by / is of course the same as the cocycle represented by 
/ — f~{x). Therefore the cocycle corresponding to ^^^^^(T^-g) does not depend on x. In 
particular it is an element of -f^g,modified(^' This defines a map 

-> H] 

, modified 



such that 5v = ^ {6q) corresponds to [/] in the sense of Lemma |8.2| and this property determines 
a unique isomorphism dTg : if^ C) — > Cg. This proves (i). Now let Sq G TgT-C°° and 

[/] e -f^g, modified ^)) where [/] is of the same form as in Lemma |8]^. Then we define 



1 



and a{x) = 



dq w{T^q)v(T^q) 
f 



w{T^q) 



w{T^q)v{T^q) 

This implies Mr([/])(x)/io ^ = + ^o(pA + q{x))hQ^ , a_{x) 



wiT^q) = a+{x) + a^{x). 
and 



ho6q{x)hQ ^ 



+ ho{p\ + q{x))hQ \ h_{x) 



w{T^q)v{T^q) 



w{T^q), 



where the last derivative is taken with respect to the choice ^ = 0. 
Then 27ri/— lu;(c/r([/]), 5q) is equal to the residue at infinity of the form 

+ /io(pA + g(x))/io M h.{x)- 



dX 1 tr\ a(x) ' ^ u . „i^\\u-i 



2dx 



iyi^ + ^o(pA + q{x)h(^ a^{x)j dx = 
dX tr (b-{x) + ho{pX + g(a;))/ioM 



-a+(x) + hoipX + g(x)/io M j dx 



8 THE TANGENT SPACE OF THE JACOBIAN VARIETY 



59 



= -dX / tr{a+{x)6q{x))dx + dX / tr a+(3:) V t;(T^g) \ . w{T^q) dx. 
Jo Jo y ^ w{T^q)v{T^q) J 

The residue at infinity of tlie first summand vanishes and the residue at infinity of the second 
summand is equal to the residue at infinity of 

rl ( f{6q) \ 

dXj^ tr |^a(x)E^(T.g) ^^^;^^^^^^^^ ^(T.g) j dx = Y.f^m- 

Therefore uj{dVq{\f])^5q) is equal to ^^^_^ Res{[f]^ VLq{5q)). This proves (ii). To each finite 
Mittag Leffier distribution on 7r~^(c), there exists a solution / on '7r~^(c), and the corresponding 
cocycle [/] is of course an element of Hl^^^:^^^^{Y,0). Hence uj E H^^^^f^^^{Y, Q) is equal to 
zero, if Res{[f],uj) = for all [/] G H^^^^f^^^{Y, O) . On the other hand u is non-degenerate 
and therefore [/] G ^^„dified(^> C*) C i^,\modified(^> C*) is equal to zero, if uj{dTg{[f]),6q) = 
^^^^ Res{[f], Qq{6q)) = for all 6q G Tq'H°°. Then Res is a non-degenerate pairing between 

-^iiiodified(^' C)) and if^odified(^'^)- This implies that 6q G Cg, if and only if uj{5q,5q) = for 
all 6q G Cq. This completes the proof of Theorem |8.5| □ 
In the finite dimensional case the last statement of the theorem would imply that the system 
is completely integrable. In the infinite dimensional case this is only one possibility to define 
the meaning of completely integrable. But there are stronger definitions, which are more 
satisfactory. For example one could assume the isospectral sets to be diffeomorphic to some 
abelian Lie groups, where the Lie algebras are isomorphic to the tangent space. For compact 
Riemann surfaces the first cohomology group of the sheaf of holomorphic functions is the Lie 
algebra of the Picard group. If the isospectral sets were to be one connected component of the 
Picard group this condition would be fulfilled. In Section ^ we already saw that this is not the 
case for Riemann surfaces of infinite genus. Nevertheless we can define some subgroup of the 
Picard group, which acts on all divisors of Riemann-Roch type, but this action is not transitive. 



Definition 8.7 Let -f^modifiod(^' ^*) subgroup of the Picard group in the modified sense, 

which consists of cocycles of the form f+/f- on 7t~^{U+ H f/„), where /+ is a meromorphic 
function on 7r^^(f/+) and /_ is a meromorphic function on 7r^^(f/_), which is equal to 1 at all 
covering points of infinity, and Pi = f/+Uf/_ is some open covering of Pi, such that f/+ C C C Pi 
and U- is some open neighbourhood of infinity. 

Similar arguments as in the proof of Lemma |8^ show that -^modified (^) ^*) is the subgroup of the 
Picard group in the modified sense, which is mapped into -f^modified(^i) — -ffj^o<iified(^i> ^q) 

for all q G IsospectraliY) . Due to Proposition |6.5| the connected component of the identity of 
-^modified (^5 ^*) ^^ts ou Jacobian{Y), but neither is Jacobiano(Y) an invariant subspace under 
this action nor is this action transitive. 
The exact sequence of sheaves 

induces a homomorphism 

exp : Hl^^UY. O) ^ Hl^^^Y, O*). 
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In some sense H^^^:^f^^^(Y, O) is the Lie algebra of -ffmodified(^) ^*) ^^^d this map is the exponen- 
tial map. In the next section we introduce a reality condition in order to define a real subgroup 
of the Picard group, which acts transitively on the real part of the isospectral sets. 



9 A reality condition 

In this section we will formulate a reality condition on the space of potentials. The real part of 
the Jacobian variety will turn out to be isomorphic to a compact abelian group. For the real 
part of the dynamical system we will construct action angle variables. In the simplest case, the 
nonlinear Schrodinger equation, there are two reality conditions: the non-focussing and the self 
focussing nonlinear Schrodinger equation. The non-focussing nonlinear Schrodinger equation 
is an extension of the real Korteweg-de Vries equation and can be treated by the methods of 
MK-'i-l|. The reality condition, investigated in this section, in the simplest case turns out to 



be the self focussing nonlinear Schrodinger equation. In the second Appendix we give a short 
introduction to the relation of these two reality conditions using spectral theory. 

Assumption 9.1 In this section we always assume that pi, ■ ■ ■ ,Pn ore imaginary. 



Definition 9.2 The Frechet space of smooth periodic potentials q, which satisfies the reality 
condition q* = —q is denoted by Ti.^. In general we will use the subscript R, to denote the 
subsets corresponding to this reality condition. 

If g G H^, q{x) + pX is an element of the Lie algebra u{n,C), for all A G K. It satisfies the 
relation 

{q{x) +pX)* = -{q{x) +pX). 
Hence g{x, A, q) and -F(A, q) satisfy the relations 

A, q) = g~^{x, A, q) and F*{X, q) = F~^{X, q), respectively. 

Then R{X, fi) = det(/i]| — F(A,g)) satisfies the relation: 



R (^X, ^ = det (^^1 - F(A, q)^ = det (^^1 - F-\X, g) j = 

R{X,fi) _ i?(A,/i) 

(-/i)"det(-F(A,g)) (/i)"i?(A, 0) ' 

This shows that R{X, ^) = if and only if R{X,fi^^) = 0. Hence the map 

e:Y^Y,{X,^i)^(\,^^ 

defines an anti-holomorphic involution of the Riemann surface corresponding to g G TiJ^. Let us 
assume in this section that Y corresponds to some q G Ti.^- We will see later that this implies 
the branching divisor of the covering map tt to be invariant under the involution 6, in other 
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words 9{beSective) = ^effective- Foi eveiy matrix valued meromorphic function or meromorphic 
form / let 6*{f) denote the function or form defined by 

r(/)(A,/i) = r(A,/i-i). 

By abuse of notation we will denote the natural isomorphism of the group of divisors of Y 
induced by 9 also by 9. 

Theorem 9.3 A potential q G 7i°° satisfies the reality condition q* = —q if and only if 
9{D[q)) = D^{q). Moreover, every divisor D of Riemann-Roch type, which obeys the equiv- 
alence relation D + 9{D) h is non-special in the modified sense. In particular 

Jacohian^iY) = {[D] E Jacohian{Y)\D + 9{D) b in the modified sense} 

is contained in JacobianQ{Y) , and T^ acts on this subspace. 

Proof: For all q G 7i°° we have 

g*{x, A, q) = g-\x, A, -q*), and F*(A, q) = F-\X, -q*). 

We assumed that -R(A, /i) = if and only if -R(A, fi^^) = 0. Hence /i is an eigenvalue of -F(A, q), 
if and only if is an eigenvalue of F{X, —q*). If v is any meromorphic solution of 

T^*iFiX,q))v = vfi, 

then it is also a solution of 

7T*{F-\X,q))v = v-, 

and 9*{v) is a solution of 

9*{v)9*{n*{F-\X,q)))=9*{v)rr*{F-'\X,q)) = 

= 9*{v)7r*{F{X, -q*)) = 9 (^^^ 9*{v) = f,9*{v). 

If q* = —q, this implies 9*{v) = w and D\q) = 9{D{q)). Now let -D*(g) be equal to 9{D{q)). 
Since 9*{fi^) = Theorem |4.10| implies 

D\T,q) = T_,D\q) = T_J{D{q)) = 9{T,D{q)) = 9{D{T,)). 

Then we have 

9*iviT,q)) = wiT,q). 

Using the inverse of the map q F>{q), constructed in Section ^, this implies q* = —q. Now 
let D be any divisor of Riemann-Roch type such that 

D + 9iD)-b=if) 

with some meromorphic function /, which is equal to 1 at all covering points of infinity. Due 
to our assumption on Y, b is equal to 

D{q) + 9{D{q)) + {9*{v{q))v{q)) 
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with some q G Ti.^. This shows that 

= 6 and r (/) = /. 



Hence / is real on 7r^^(M). Then there exists of course some large Aq G M, such that D 
and b have no contributions at all covering points of Aq and the values of / at this covering 
points are positive. Now let g be any cross section of (9£)_^-i(oo)- By definition is a 

meromorphic differential form with poles only at the covering points of Aq- Hence the residue of 
this differential form is equal to the sum of the values of 27Ty/— 16* {g)gf at the covering points 
of infinity. Due to Theorem |3.5| this total residue is zero and therefore g is zero at all covering 
points of Aq. The same is of course true for all Aq G [Aq — e, Aq + e] with some small e > 0. 
Hence g is equal to zero. We proved that 

H\Y, OD-n-Hoo)) ^ H\Y, 0,(D)-.-i(oo)) ^ 0. 

The asymptotic and total degrees of D and 9{D) are equal to half the asymptotic and total 
degree of b. Hence they are equal to (1, 1, . . .) in the sense of Remark pr7[ Due to Serre duality 
this implies 

H\Y, On-^-i^oo)) - H\Y, 0,(b)-.-i(oo)) - 0. 

Due to Lemma |6.2| this implies that D and 6{D) are non-special in the modified sense. As 
mentioned above, 6*{fi^) = and therefore the action of T^. on JacohianiY) leaves the 

subspace Jacobian^iY) invariant and JacobianR(Y) is contained in Jacobiano{Y) . □ 
For compact Riemann surfaces the Jacobian variety is isomorphic to the dual space of all 
holomorphic forms modulo the first homology group of the Riemann surface. Here the first 
homology group is embedded in the dual space of all holomorphic forms by integration of 
forms over 1-chains. On the other hand the Jacobian variety is isomorphic to the connected 
component of the Picard group and the dual space of the holomorphic forms is isomorphic 
to the Lie algebra of the Picard group. From this point of view the first homology group is 
isomorphic to the kernel of the exponential map from the Lie algebras of the Picard group into 
the connected component of the identity of the Picard group. We will see that in our case 
the same is true, if we restrict ourself to the real part of the Picard group. To do this let us 
impose the reality condition on the first homology group of our Riemann surface Y. We saw 
already that the real part of the Lie algebra H^odi&ed(Xy ^) of the Picard group contains all 
cocycles [/], which are equal to [—0*{f)]. The real part of the Picard group H^^^^f^^^(Y, O*) 
contains all cocycles [/], which are equal to ^^^jy . The involution 9 induces an involution 9^ 
of i7i(7r~^(C), Z). Hence the lattice of real periods of the Jacobian variety is given by 

Hi^R{7r-\c),Z) = {x G Hi{7T-\c),Z)\9#{x) = -x} . 

Since the branching divisor ^effective is equal to the zeroes of 9*{v{q)))v{q), the support of feefiective 
is contained in 7r^^(C \ m) and 6'(6effectivc) = ^eflfective- Hence we may build the Riemann surface 
7r^^(C) out of n copies of C by cutting and gluing along small lines, which connect the points 
(At, yUt) of ^effective with the corresponding point (A^, of ^effective- Hence we may choose gener- 
ators of ifi,R(7r~^(c), Z), which are in one to one correspondence with all pairs (A^, /ij, (A^, fi~^) 
of fceffective- Siucc feeffective has asymptotic and total degree (2,2, . . .), we may label such pairs 
with the index set X. This shows that ifi,R(7r^^(C), z) is isomorphic to ©lexZa^, where are 
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the (asymptotically uniquely defined) generators in the excluded domains with index i. Let us 
now define elements G -^modified ^'^ch that 



Res{a„u) = / u; for all u e /^°odified(^> 

Jar 



Let us fix some (Ao,/^o) G tt ^(C), which is no branchpoint of the covering map tt. Then the 
function 

{H - //o)(A - Ao)-R;,(Ao,//o) 
is meromorphic on 7r~^(C) and has only one pole at (Ao,/xo), such that 

R{^o,^J') i_ 

ill - iio) (A - Ao)i?^(Ao, Ho) A - Ao 
is holomorphic near (Ac/Xo)- Then the function 



1 / 

Ja, (a - 



^(Ao,/x) 

27rA/^ A. (// - Ho) (A - Ao)-R;,(Ao, A*o) 



dAo 



is holomorphic on the complement of the cycle of 7r^^(c). For all uj G H^j^^^^f^^^{Y, Q) the 
sum of the residues at all covering points of infinity of the product of this function with lv is 
equal to u. Hence this function defines an element of -^modified ^^ch that for all 

Res{a^,uj) — j u. 
Since 0^{a^) = —a^ we claim that 9*{a^) = a^. In fact, we have 



//"-2i?(A, 0) 

Then the cocycle 9*{a^) can be represented by the function 

1 f /i^2i^(Ao,0) i?(Ao,/i) 



27^^/^Ja, 11^ R{X,0) {^-^ - iJ,o^){X- Xo)R^,{Xo,Ho, 
//io \ i?(Ao, 0) i?(Ao, h) 



-dXo — 



-dXo- 



l-K^f-l Ja\n ) RiX, 0) {/I - //o)(A - Ao)-R(u(Ao, //o) 
Since 

( R{Xo,0) _ \ R{Xo,fi) 
[r{X,0) J (/i-^o)(A- Ao) 

is a holomorphic function on 7r~^(C), the cocycle 6** (a J can be represented by the function 



Ho\ R{Xo, h) 



l-K^f-i Ja\\X ) {/I- //o)(A - Ao)-R^(Ao, Ho) 



dXo- 
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Since 

i?(Ao,/i) 




1 



(/i - /io)(A - Ao) 

is a holomorphic function on 7r~^(c), the cocycle 6** (a J can be represented by the function 

1 f i?(Ao,/i) 



2^T^/-^ J a, {n - Ho) (A - Ao)-R^(Ao, Ho) 
This shows that 9* {a,) is equal to «(.. Since 

i?(Ao,/u) 1 



(yu - /io) (A - Ao)-R;i(Ao, /io) A - Ao 
is holomorphic near (Ao,/io), the function 

exp / — -aAo 

\J{\l,^ll) (/X - //o)(A - Ao)-R^(Ao,//o) / 

is on a small open set a solution of the divisor (Ai,/i.i) — (A2,Ai2), if (Ai,/ii) and (A2,/i2) are 
elements of this small open set. If we divide the path of integration into small intervals we 
see that the same is true for arbitrary (Ai, /ii), (A2, /ti2) G 7r~"^(c). Now let Ai_{t) be the line 
bundle over Y defined by the cocycle exp(27rV— ItaJ for all t & C. Then A^{t) is isomorphic 
in the modified sense to the trivial line bundle for all t € Z. For all t G C it is an element of 
-^modified C*) and for alH e R it is even an element of the real part -f^iodified,K(^> ^*)- 

The line bundles A^{t) have another description, which has the advantage that it admits 
infinite tensor products. The exact sequence of sheaf homomorphisms 

where the homomorphism O ^ O* is defined by / 1— > exp(27rV'~l/), induces the long exact 
sequence 

^ H\Y, Z) ^ H%Y, O) H\Y, O*) H\Y, z) ^ 
^ H\Y, O) H\Y, O*) H\Y, Z) ^ . . . 
This long exact sequence decomposes into 

^ Z ^ O ^ O* ^ 1 and 

^ H\Y, Z) ^ H\Y, O) H\Y, O*) H^{Y, z) ^ . . . 

For compact Riemann surfaces, H^{Y, O) is isomorphic to the Lie algebra of the Picard group 
O*). Prom this point of view the kernel of the exponential map of the Lie algebra of the 
Picard group into the Picard group is isomorphic to H^{Y, Z). Due to Poincare duality this first 
cohomology group is isomorphic to the first homology group. Now we use a special covering of 
y, in order to define the elements in (9), which correspond to G Hiiji^^ic), Z). 

Let U- be the complement of all the circles (ajtgj in Y and let {Ui)^^x be small pairwise disjoint 
open tubular neighbourhoods of the circles (aj^gx- The intersection U^OU- decomposes into two 
connected components. Now let G -f^modified(^> ^) be the cocycle, which may be represented 
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by the element of t/Ji G X}, Z), which is zero on Ui^'dU- if l' ^ l and on one component 

of Ui, n U- equal to 1 and zero on the other component. The orientation of determines on 
which component of fl t/_ the representative of vanishes and on which it is equal to 1. 
Now exp(27r-\/^Q;J is of course a representative of the trivial line bundle in H^^^:^f^^^(Y, O*) . 
Moreover, for any sequence (tjigj G K-^Z^tGX'^'-Ctt defines an element of -f^iodified(^) ^) 
exp (^27rV— 1 J2i.eiti,ai^ defines a line bundle in -f^modificd(^5 ^*)- Therefore the map 

{m/zf ^ //Ldmed(>^, O*), (t,),ex ^ ^.exA.it,) 

defines a group homomorphism from the compact abelian group (k/C)-^ into the real part of 
the Picard group in the modified sense. 

Proposition 9.4 If the excluded domains of some Ui^e have asymptotically no overlap, the ac- 
tions o/K/Z on Jacohian^iY) defined by the tensor product with A^{t) fit together to a continuous 
action of the compact group (m/z)-^ on Jacohian^{Y) . 



Proof: We use the same arguments as in the proof of Theorem |6.6| . The action of the tensor 
product with A^{t) does not change Qi^i ii l' ^ l and \ are large enough. On the cocycle 
this action is given by 



g^{t) = Ad (^exp (^—27rty/ —ldiagonal{ni , . . . g^, 

where ni — Uj = 1, and all other n's arbitrary, with l = {i,j,k). In particular, \\gi,{t) — 1 \\i^e,L 
does not depend on t. Due to Proposition ^3] the compact group (m/Z)-^ then acts continuously 
on Jacohian^iY). □ 

Theorem 9.5 For all q,q e H^, H^^^^-^^^iY, O) is equal to Hl^^^-^^^{Y,0) . Furthermore, 
there exists a dual basis (c^J^gi, such that for all G -f^modificd(^5 ^) following holds: 

(i) X,^, = 6,u = Res{a,i,u,). 

(ii) Res{[f],u,) exists for all [/] G Hl^^^^^^^{Y,0). 
(ii) UJ = E.ex Res{a,, uj)uj, for all u G ^^°odified(^> 

(iv) [/] = E.ex^es([/],u;J«, for all [f] G Hl„^,^,UY, O) . 

ProolQ: For large the Riemann surface Y^ decomposes into a two- fold covering of Pi and 
{n — 2) copies of Pi. Let /3t and /5t be the values of A at the two branchpoints of Y^. Then the 
two-fold covering of Pi may be described by 

4x/^ \ kJ 2 ' 



where k G Pi gives the parameterization of the two-fold covering, which is equal to and oo 
at the two covering points of infinity and equal to ±V— 1 at the two branchpoints. Now let 
describe the divisor D^{q). Then we claim that for all q G TC^ the sequences — 1| decreases 



34 



Those readers, who are not interested in this proof may skip to Theorem 9.10. 
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faster than every inverse power of This is an easy consequence of the following fact: If 
v{q) = 7r*{g^^)vi,{q) is the Birkhoff factorization of h{D, ■) around the excluded domain with 
index l (see the proof of the implication (i)^ (ii) of Theorem |5.5| ), \\g^^ — 1 decreases faster 
than every inverse power of and the meromorphic function 



is locally a solution of the divisor 6efTcctivc — D{q) — 6{D{q)). In Lemma |8]^ we showed that the 
elements of -f^g,modified(^5 ^) correspondence to Mittag Leffler distributions, 

or more precisely, global sections of the sheaf OD{q)/0. Asymptotically such sections have the 
form — ^ on the Riemann surface Y. 

Lemma 9.6 The sequence {ci)^(z.x corresponds to an element of H^^^^^^^^^(Y, O), if and only if 
— /5(,)ct decreases faster than every inverse power of 

Proof: Let P, be the value of the function 



P 



P 



-1^2 



at the point of the divisor D. Since 4^ is zero at the branchpoints, this function is holo- 



morphic in the excluded domain with index t, and is well defined. Let us now calcu- 
late the meromorphic function P^ on the Riemann surface Y^ corresponding to the divisor 

) . The transposed divisor — D, admits two global sections 



: ft is given by 



2(k^+1) ' 2{k2+i) 



. Then P^ is equal to 



Since |kJ converges to 1 and since the restriction of P to the Riemann surface Y,, converges to 
Pt, the sequence is asymptotically bounded by 



1 

- < 
c 



P, 



A- A 



< c with some c > 1. 



From the proof of Theorem |8.5| it follows that 



Sv 



TT 



E 



Hence (cj^gj corresponds to an element [/] of -f^i modified (^5 ^) if ^^^1 only if J2i ^ir- is a matrix 



A-A, 



valued meromorphic function on X. Due to Example this is equivalent to the condition 
that |ct(/?i — f3i,)\ decreases faster than every inverse power of □ 
Continuation of the proof of Theorem |975| : Let ([/t(q')])tex denote the basis of -f^g,modified(^5 ^) 
corresponding to the Mittag Leffler distributions, which vanish outside the excluded domain 
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with index l and in this excluded domain is given by as used in the foregoing lemma. 



. iJtiL X/^ UtJ LlitJ VcLlUtJ Ui Llit; lUliULlUli C'^'^ 

at the point k,^. Then we claim that the forms 



There exists also a dual basis of -f^modified(^5 ^) • Let be the value of the function v-£^{\ — AJ 



^iiq) = TT ^-^ — 

(A - X,)wv 

are dual to the basis ([A(g)]).ex of HlmodiUcdiY, O). Every form u G H^^^^^^^{Y, n) can be 
written as a meromorphic function times dX. On the other hand the meromorphic functions 
Wi, . . . ,Wn are a basis of the meromorphic functions on Y over the meromorphic functions on 
X. Hence every element u G -f^modificd(^' ^) '^^^ ^e written as a sum 



LU 



i=l 



I — -T^*{fi) ) (iA, with meromorphic functions on X. 



Since u may only have poles at 6, the vector valued function (/i, . . . , /„) can have poles only 
at the base points of the divisor D. More precisely, uj must be equal to an infinite sum: 

ivrV-l t 



On the other hand Lemma ^]2| shows that 

[/] = -^Y.R^<[fi^^mfMWoT all [/] G i^i^odificd(>^,(^)- 
This proves the claim. 

Lemma 9.7 Let q,q & Isospectral^iY) and let the excluded domains ofUi^^ have asymptotically 
no overlap. Then the following estimates hold: 

\Resmq)],u^m\< ^^''^'^ 



I At — A^i 

with some c > for \l\ and \l\ large enough and i ^l. For l = I we have 

-<\Res{[fM)l^m\<c. 
c 

Proof: By similar arguments as before ||t;J| is asymptotically bounded 

~ ^ lll^JI ^ c with some c > 0. 

c 

Then on the excluded domain with index l the form uJi{q) becomes nearly equal to 
~ ^V^k\\ - A,) 



with some a,/? G C such that ^ < y + ||/5P < c. This implies 

lA-AI 



|/?es([A(g)],^K?1)|<cJ 



A -A, 
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if L i. Finally, on the excluded domain with index l the form uj^{q) becomes nearly equal to 
n~^dK,. This implies 

- < \Res{\f\{q)\,uj^{q))\ < c for some c > 2tt. 



□ 



Continuation of the proof of Theorem |9]^: If (cj^gi describes an element of modified (^5 
the corresponding element of -f^^,modified(^; ^) given by 



5^- = E 



2W-1 



Res{[f,{q)],uJz{q))c,. 



Then the last two lemmata show that -f^g^ modified ^) -^(f, modified ^) equal. 
Lemma 9.8 For all q G and l ^ I 



It 



< c 



and finally, for t 



lA-A-l 
1 

> -. 



□ 



The proof is similar to the proof of the lemma before. 
Continuation of the proof of Theorem p.5| : With this lemma it is obvious that there exists some 
K and a matrix {Ma),'c(^i, \ii\i\>K such that 

(i) T.\i\>K Ma Sa^, = for all > K. 

(ii) \M,z\ < c\/3, - (3,\ with some c> 0. 



Lemma 9.9 Let uj G -f^modified(^' ^) element such that = for all l G X. Then uj is 

equal to zero. 

ProofQ: It suffices to proof the statement for a form, which satisfies the relation 9*{uj) = —u. 
In fact, UJ = l/2(cu + e*{uj)) + l/2(cu - e*{iu)) and both forms lu - e*{uj) and ^/^{uJ + e*{uj)) 
fulfil this condition. Moreover, we have 



9*{uj) = uj = - u. 

If 6 G i?i(7r~^(c), Z), such that 6^{h) = b, the assumption implies 



e*{uj) = uj = - u. 

b Jb Jb 

This shows that 



SR^cj^ =Ofor all6GiJi(7r- 



■^^ Another proof of this lemma can be found in [MK-T-2 , which carries over to our situation. In fact, due to 



our assumption all elements of -f^modified ^) proven to be square integrable. 
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The condition that = for all t G X implies that the residue of uj at all covering points of 
infinity vanishes and therefore u is holomorphic even at all covering points of infinity. Hence 
the function 

r ^R, (A,^) ^3? / u] 

w{oo,oo) / 

is a harmonic function on Y, which vanishes at (oo, oo). Due to the maximum modulus Theorem 
for harmonic functions (see ||Co||) this function is equal to zero. Hence u is zero too. □ 



Completion of the proof of Theorem p.5| : With the help of the matrices introduced above 
and the last lemma it follows that there exists a basis of holomorphic forms (cujtex, ^ 
-f^modified(^) ^)) which fulfil the conditions (i)-(iv) of the theorem. □ 

Theorem 9.10 If the excluded domains of some Ui^^ have asymptotically no overlap, the action 
of (m/z)-^ on any point [D] G J acohian^^iY) induces a homeomorphism between (m/z)-^ and 
J acohian^iy) . Moreover, the holomorphic forms {uj^^j define an embedding of the real part 
-^R,modified(^> ^) ^/ ^'^^Z -^(j,modified(^; ^) ^"^'^ ^ suhspacc of , which is mapped under the 
exponential map onto (m/z)"^. Finally, the following diagram commutes: 

-^R,modified(^> ^) " 

exp(27rv^^-) 



exp 

Corollary 9.11 // the excluded domains of some Ui^^ have asymptotically no overlap, the 
group (m/z)-^ acts on Isospectral^iY) transitively and freely. The action on any potential 
q G Isospectral^{Y) induces a homeomorphism between (m/z)-^ and Isospectral^(Y) . Moreover, 
there exists for any q G Isospectralg{Y) an embedding from Cg^s. onto a subspace ofM^, which 
does not depend on q, such that the flow induced by the Lie algebra element in mF corresponding 
to some 6q G Cg^s. is smooth in 7i°°, and the derivative at t = is equal to 6q. This action of 
Cg^M. on Isospectral^iY) is also transitive. 

In order to prove this theorem we first need a lemma: 

Lemma 9.12 For any two divisors [D], [D] G Jacobian^iY) , there exists a sequence of 1- chains 
(cJtGX; such that 

(i) Ct lies inside the excluded domain with index l of some neighbourhood of infinity. 

(ii) E.exdc, = D-D. 

(iii) Etex Ic, ^ ^ f^^ lei. 

Proof: There exists a meromorphic function /, which is equal to 1 at all covering points of 
infinity such that 

(f) = D + eiD)-D-eiD). 
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Asymptotically the equation / = has for all x G [0, 1] in each excluded domain two 
solutions. This defines a sequence of 1-chains (cjtgj, which fulfills condition (i) and 

^9ct = D — D' , with some [D'] G Jacohian^{Y), 

such that D' + 0{D') = D + d{D). Moreover, the arguments of the proof of Theorem |9.5| show 
that condition (iii) is also fulfilled. It remains to prove the statement for D + 6{D) = D + 6{D). 
In this case there exists a natural sequence (cj^gi of 1-chains, which fulfills condition (i)-(iii): 
this sequence is on asymptotically given by 

c, : [0,1] ^Y„t^ K{t) = K, = /€,exp [t\n (^^)) , 

where \\i{kjK.L) is uniquely defined by — vr < n,)) < tt. In this case can be chosen 



to obey the relation 6'(cJ = — This and again the arguments of the proof of Theorem p3 
imply condition (iii). □ 
Proof of Theorem |9.1U| : Let us fix some [D] G Jacohian^iY). Due to Proposition |9.4] the action 
of (k/z)-^ on [D] defines a continuous map (m/z)-^ — > J acohian^iY) . On the other hand the last 
lemma defines a map 

Jacohian^{Y) M^, [-D] I ^ / cj,- 1 , with ^dc, = D - D. 

Now we claim that the composition of the map Jacohian^(Y) M-^ with the natural map 
R-^ — i> (r/z)-^ is the inverse of the group action on [D] : (m/z)-^ J acohian^iY) . First we 
show that this map does not depend on the choice of (cj^gj. If {ci)^(zx is another sequence of 
1-chains, which fulfills the conditions (i)-(iii) of Lemma |9.12| , then 



Ci J c, 



In fact, dJ2i,£i — c, = 0, and 



J2( 00- I 00+ / / =0 



Hence Z^iexQ — q defines an element of H^{Y, Z), which lies in the eigen space with eigenvalue 
— 1 of the involution 6**. But these elements are of the form Htex^'^f This proves 



tex ^•^'^^ -^^^ ^ 

Hence the map Jacohian^{Y) ^ (m/z)-^ does not depend on the choice of (cj^gx- Then 

this map is continuous. 

Secondly we prove that the map 

(m/z)^ JacobianR{Y) ^ ^ (m/z)^ 
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is the identity map. For any element of (m/z)-^ there exists an element of (—1/2, 1/2]-^, which 
is mapped onto this element under the natural map 

(-1/2, l/2f ^ {R/zf. 

Now the multiplication with t G [0, 1] defines a continuous map from to this element of (m/z)-^ 
and hence also a continuous map [0,1] Jacohian^{Y), which is equal to [D] at t = and 
equal to any [ID] in the image of (m/z)-^ Jacobian^(Y) at t = 1. This defines a sequence 



(cjtex of 1-chains, which fulfills condition (i)-(iii) of Lemma |9.12| . Lemma |9]^ shows that the 
infinitesimal generator of this flow can be considered as an element of H^^^^^:^f^^^{Y, O) , and 
Theorem |9.10| (iv) shows that the integration over all {uji)z£x along this path (cj^gi gives back 
the original element of (r/z)-^. Hence the map 

(m/z)^ Jacohians^iY) ^ ^ (m/z)^ 

is the identity map. 



uUe mentity map. 

Let us finally also prove that the map 



JacohiariK^iY) ^ (m/z)^ Jacohian^iY) 

is the identity mapQ. Again we want to distinguish between the two cases of the proof of 
Lemma p.l2| . \i D + 6{D) is equal to D + 0{D), there exists of course a sequence {Dn)nm of 
integral divisors of asymptotic and total degree (1, 1, . . .) such that 

(i) Dn + 9{D.^) = D + e{D) for all n G N. 

(ii) D — Dn is a finite divisor of degree zero. 

(iii) ([/}„]) converges to [D]. 

The divisor D — Dn corresponds to an element of -^r modified ^*)- Moreover it corresponds to 
an element of the Lie algebra -f^H,modified(^5 Theorem ^3] (iv) implies that for all n G N, [Dn] 
is mapped onto [Dn] under the map given above. Hence the same is true for [D]. In the other 
case there exists a continuous map 

[0, 1] JacobianR(Y),t [Dit)], 

which is mapped onto [D] for t = and which is mapped onto [D] for t = 1. The derivative 
of this map, which was constructed in the proof of Lemma |9.12| is furthermore a map [0, 1] 
-^B modified This derivative may be integrated due to Lemma ^]6| to a map [0,1] 
-^iR,modified(^5 ^he Composition of this map [0,1] -f^R,modified(^5 ^) with the exponential 
map ^R,modified(^. C*) ^ i^K,modified(^. C**) gives the map 

[0, 1] -f^R modified (^) 0*),t line bundle corresponding to D(t) — D. 



^^This is equivalent to Abel's Theorem for those divisors, which obey the reality condition. In general the 
analogous statement is more complicated. It can be proven by methods similar to those used in this section. 



One half can be proven with the methods of Lemma 3.12 (compare with [MK-T-2, Section 10]) 
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Now again Theorem ^3] implies that for all t G [0, 1], [D{t)] is mapped onto [D(t)] under the 
above map. Due to Lemma |9.12 the combination of these two cases cover the general case 
and the group action on [D] defines a homeomorphism (m/z)-^ ~ Jacobian^{Y) . The rest of 
Theorem |9.10| follows from Theorem |9]^. □ 
Corollary |9.11| is a direct consequence of Theorem |9.10| . □ 
The assumption in the last two theorems that the excluded domains have asymptotically no 
overlap, can be weakened. In fact, the arguments we gave can be used to prove these theorems 
in more general cases. But let us indicate, why this assumption must not be dropped. If 
Pi(A) — P2(A) and Pi(A) — Psi^X) are nearly elements of 2ny/^Z, P2(A) — P3{X) of course is 
also nearly an element of 27r-\/— IZ. In the case n = 3, the Riemann surface corresponding 
to the overlapping excluded domain is a three-fold covering of Pi with 6 branchpoints. In the 
A-plane the cuts and branchpoints may be chosen e.g. like in figure 2, where {Xij, Ajj} are the 
branchpoints between the i-th and j-th sheet over Pi. 




Figure 2. 

If for example Ai 2 = Ai^s the Riemann surface is still non-singular. But if furthermore A2,3 
becomes equal to Ai_2 = Ai^s as indicated in figure 3, the Riemann surface becomes singular. 
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Al,2 — ^1,3 ^2,3 

Figure 3. 

It will be one two-fold covering of Pi and one copy of Pi connected by two ordinary double 
points. Such a surface is described by the algebraic equation 

R{\, ^) = (/i - - 2/iA - 1) = /i^ - 2fx'^\ + fx{2\^ - 1) + A = 0. 

Indeed, //^ — 2/xA — 1 = describes a two- fold covering A = ^^2^' "^i^h branchpoints at 

(Ai,/ii) = (v^,v^),(A2,/U2) = and g = The real part of the 

completion of the generalized Jacobian variety^ of this Riemann surface turns out to decom- 
pose into two components: One non-compact three dimensional group isomorphic toRx x 
corresponding to ^effective = 3(a/— 1, a/— 1) + 3{—\^—l, and a compact component iso- 

morphic to corresponding to feoffective = iV—^,V—^) + (y/—^, V—^)- If the assumption 
that the excluded domains have asymptotically no overlap is dropped, this example illustrates 
that the perturbation of the different Riemann surfaces to each other cannot be estimated. 
Furthermore, in that case certain holomorphic forms are not square integrable. 

10 The singular case 

In this section we want to investigate, how the statements of the foregoing sections can be 
generalized to the singular case in the sense of Definition [4.2| . Let us fix some equation -R(A, fi) = 
0, which describes the curve of eigenvalues corresponding to some potential q G 7i°°. To this 
curve there corresponds a unique normalization Y, which is an n-fold covering of Pi , tt : Y — > Pi . 
Due to the counting lemma all zeroes of R^{X, /i) can be arranged such that asymptotically and 
totally to each element of I there corresponds one pair of zeroes in the excluded domain with 
index i El. In general not all zeroes of i?^(A,/i) are indeed branchpoints of the normalization 
TT : F Pi. But there always exists some asymptotically and totally unique subset Xanaiytic C 
X, such that to each element of Xanaiytic there corresponds one pair of branch points of the 
covering map vr : F ^ Pi. In Section ^ we already mentioned that the algebraic curve defined 
by i?(A,/i) = and the normalization Y are the extreme cases of the curves, which really 

■^^This completion of the generalized Jacobian variety is defined in the next section. 
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correspond to some potential q G 7i°° corresponding to the curve of eigenvalues defined by the 
equation i?(A, n) = 0. Let be the free sheaf of rings on C C Pi 

n 

O^C^O^, (/,,...,/,) 

i=l 

Due to the equation i?(A, n) — 0, is in fact a sheaf of rings. On the other hand 7r*(Oy) also 
defines a sheaf of rings on C C Pi. Moreover, since /i is a holomorphic function on 7r~^(C), 
is a subsheaf of 7r*((9y) and both sheaves contain Op-^ as a ring subshcaf. Now let S be the 
set of all ring subshcavcs. which contain as a ring subshcaf. To each element of S, there 
corresponds a singular Riemann surface Y' with normalization p : Y ^ Y', such that the 
following diagram commutes and 7r*((!?y/) is the corresponding subsheaf in S. 




Pi 



By abuse of notation we will sometimes identify Y' with the corresponding element of S. In 
general divisors are defined to be global sections of the sheaf A4* /O*. Hence they define locally 
free submodules of the meromorphic functions. By abuse of notation we will use divisors to 
define finitely generated submodules of the meromorphic functions: For any singular Riemann 
surface Y' with normalization p : Y ^ Y' such that the foregoing diagram commutes let the 
branching divisor ^effective be defined by the property that O^^^^^^^^ is the Oy' submodule of 
meromorphic functions defined by: 



J2 9feOr,ioT8l\fen:{OY')\ 

sheets of tt' ) 



In general Oh „ ^. is not locally free, but the two extreme cases Ok , ^. as well as , , . 

eiiective ' "analytic algebraic 

are locally free. It is quite easy to see that Oy can be reconstructed from the sheaf O},^^^^^^^ : 

Oy, = {/ e p.{Oy)\fg G O,^^^^^^ for all g G 0.,,,,,, J ■ 

We will later give an example where S is not a countable set, but for n = 2 the situation is 
quite simple: 

Proposition 10.1 If n — 2 locally there are only two cases 

(i) ^analytic = VO: ^algebraic = (2m + l)yo, m G N 

(ii) ^analytic = 0, ^algebraic = myi + my2, With n{yi) = n{y2). 
In both cases Ob^^^^^.^^^ is locally free. 

In case (i) ^effective is of the form ^effective = (2m' + l)yo, for < m' < m. 



In case (ii) ^effective is of the form ^effective = m'(yi + ^2); for < m' < m. 
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More generally, all finitely generated suhmodules T of p^,{A4y) o'^e locally free, if 

{/ G p.iOY)\fg e T for all g ^ T} = Oy,. 

Proof: We may assume that R{X, n) has the form /x^ = a(A) with some entire function a(A). 
Hence the equation i?(A,/x) = is locally equivalent to /x^ = (A — Aq)^. Now there are two 
cases: 

(i) /i^ = (A - Ao)^"'+^ Then ^analytic is equal to 7r"^(Ao) and ^algebraic equal to (2m + l)7r"^(Ao). 

Moreover, in this case is generated as an Or-^ module by 1 and /i and 7r*(Cy) is 
generated as an Or-^ module by 1 and /i(A — Ao)"™. For any Op^ module Oy', which 
is contained in 7r^,((9y) and contains O^, there exists an integer < m' < m such that 
this module is generated by 1 and /i(A — Aq)""* • The corresponding module Ob^^^^^.^^^ is 
the free Cy/ module generated by yu(A — Aq)'""'"'"^ and the divisor ^effective is equal to 

^effective = (2m' + l)7r-^(Ao). 

(ii) yU^ = (A — Ao)^™^^. Then ^analytic = and 7r~^(Ao) consists of two points yi and y2- 

^algebraic is cqual to m{yi + 1/2) • Again and n^:{Oy) are generated as Op-^ modules 
by 1,/i and l,/i(A — Aq)^™, respectively. Any Op-^ module Oy is again generated by 
1 and /i(A — Aq)^™ , with some < m' < m. The corresponding module ^t^^^^^^^^^ is 
the free Oy module generated by /i(A — Aq)™"'"'"^ and the divisor feeffective is equal to 

^effective = m'{yi + ?/2)- 



The same arguments show that all finitely generated submodules J-' are locally of the same 

G Z if 

{/ G p.{Oy)\fg G ^ for all g e J^} = Oy. 



form as Oh „ with m' G Z if 

"ertective 



□ 

Now we explain the modification of Section ^ in case of singular Riemann surfaces. In that 
section we investigated the dual eigen bundle of some potential q. Due to Definition ^]2| the 
potential q completely determines the singular Riemann surface, which corresponds to this 
potential. In this context we will take for granted that Y' corresponds to q, or equivalently 
that e'g : Og nKOyi) is an isomorphism of sheaves. For singular Riemann surfaces the sheaves 
and 0_D*((?) have to be defined in a slightly different way: The meromorphic functions on 
Y and Y' coincide, hence v and w are also meromorphic functions on Y'. Now let and 
Oo^iq) be the Oy submodules of p^{J\4y), which are generated by Vi, . . . ,Vn and Wi . . . ,Wn, 
respectively. Then Theorem [4.6| is still valid. Since the singular Riemann surface Y' corresponds 
to q, or equivalently e'g : Og vr^Cy/) is an isomorphism, / is locally an element of n'^Oy) if 
and only if I^sheets of w fP is holomorphic. This implies that the entries of P generate the Oy 



module ^b^f^^^^^^^- This generalizes statement (iv) of Lemma [4.5| . Lemma [4.5| (i)-(iii) remains 



valid. Due to an easy exercise the degree function extends to a unique function 
deg : finitely generated submodules of p^{A4y) — > Z, 



which obeys the two properties 
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(i) If C JF' are two finitely generated submodules of 

deg(J^') - deg(J^) = dimi/°(y',r/J^). 

(ii) If D is a divisor of Y' in the correct sense, deg(D) = deg{0£,). 

Moreover the Riemann-Roch Theorem can be generalized to this context: 

In fact, let tc' : Y' Pi be a singular n-fold covering over Pi with normalization p : Y ^ Y', 

such that the following diagram commutes. 




Pi 



Let JF be any finitely generated Oy submodule of p*(A1y) and C'befiective defined as above, 
then the following relation holds: 



dim H%Y', J^) - dim {Y\ J^)=n + deg(J^) - 



Since 7r^(CValytic) - ^*(^''effective) - ^* ( ^''algebraic ) ^^^'^^ ^^^^^^ ^ Subsct Xefectivc of J, which 

contains Xaigebraic, such that to each element of Xeffective there corresponds a pair of degrees of 
^''effective' "^^^ degree of a finitely generated submodule of p*(7Wy) is a sequence of numbers 
indexed by Teg-ective in the sense of Remark p.7|. With this modification Theorem ^.61 is valid 



also in the general case and relation ([T0|) generalizes to the relation 

where the isomorphism is given by multiplication with the function wv. The rest of Section ^ 
can be carried over to the general case in an obvious way. 

In Section |^ the divisor D should be considered in the general finitely generated 

submodule of p^{M.y)- Moreover, the branching divisor has to be specified as the module 
^''effective defined above, and the degree of a divisor is in the general case a sequence indexed 
by leffective and not by T. With this modification Section ^ is also true in the general case. In 
particular equation (|TB|) is also true in the singular case Ai = A2, and therefore Corollary [5.11 
remains valid too. 

In the general case Definition |6.1| has to be more precise: 

Definition 10.2 The Jacobian variety of a singular Riemann surface Y' E S is defined to he 
the set of all equivalence classes of finitely generated submodules Oo of p^{M.y) such that 

(i) {f ep.{OY)\fODCOD} = OY'. 

(ii) Or, is of Riemann-Roch type. 

(iii) Od is integral; this means that Od contains Oy' ■ 



(iv) The asymptotic and total degree of Od is equal to (1, 1, . . .). 
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We want to emphasize that this definition is not analogous to the generahzed Jacobian variety 
defined in |jS^. In fact, we do not assume that is locally freeQ. We will give an example of 
such modules, which are not locally free. Such an integral divisor Or, is called non-special in 
the modified sense, if there exists only one integral divisor, which is equivalent in the modified 



sense to Od. Lemma is valid also in the general case. Furthermore, Theorem holds 
even for the Jacobian variety JacohianiY') of a singular Riemann surface. In the proof of this 
theorem the assumption (i) on cocycles, which correspond to line bundles on Y' has to be 
replaced in the general case by the condition 

Cocycle (i)' for all t G Xefjective and for all holomorphic sections / of Oy' over 7r^^([/J there 
exists a holomorphic function ^ -.U^^nx n-matrices, such that 

g+,igL = g,diagonal{fi, ...,/„), 

where fi is the restriction of / to the z-th sheet of n~^{Ui, fl U). 

In general let IsospectraliY') be the subspace of all potentials, which correspond to the singular 
Riemann surface Y' in the sense of Definition Theorem |6]^ holds in the general case. 

The space of all regular forms H'^^^:^^^^{Y' , Vt) on the singular Riemann surface Y' is equal to 
the vector space of all sections of ^h^^^^^^^^-ir-^ioo) times d\. This is analogous to the definition 
of regular forms in Now let q correspond to the singular Riemann surface Y' . Then the 



form ^^{5q)dX is an element of H^^^:^f^^^{Y' ,Q) for all 6q G TgT-C°°. In fact, let / be a local 
section of vr^Oy/). Then a/ = Ssheets of tt' is a holomorphic n x n-matrix valued 
function. Moreover, the following relation holds: 

Hence the left hand side is holomorphic for all local sections of vr^Oy/). This shows that in 
general fig is a map from TgH°° into -f^modificd(^') 

The Darboux coordinates of singular potentials are more complicated: For a singular poten- 
tial q let D{q) be the sum of the divisor, which is given by the support of the sheaf OD(q)/OY' 
with multiplicity equal to the local dimension of this sheaf, plus the divisor, which is given by 
the support of the sheaf Ob^^ ebraic/ ^''effective '^ith multiplicity equal to half the local dimension 



of this sheaf. Then Lemma 17.21 remains valid. But the first statement of Theorem 7.3 is true 



only if 0D(5) is a locally free sheaf. In fact, in this case the proof of Theorem |7^ 



carries over. 



Now we want to give an example, in which the first statement of this theorem is false. 
Example 10.3 Let n = 3,p = diagonal{l,0, —1), 




with two constants a and b not depending on x. The corresponding spectral curve is defined by 
the equation 

RiX, /i) = (/i - exp(-A))(/i - - exp(A)) = 0. 



38 



Our definition is similar to the compactification of the generalized Jacobian variety with the help of torsion 



free sheaves (see [DSD 
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It is quite obvious that the normalization Y of this singular Riemann surface is the disjoint union 
of three copies o/Pi. Moreover, v = In(yu) is a holomorphic function on this normalization Y. 
It is easy to see that the singular Riemann surface Y' corresponding to q may be described as 
follows: 

P 

Pi U Pi U Pi = Y ^ Y 

Pi 




Let Y be the algebraic curve defined by the equation 

(z/ - A)z/(z/ + A) = 

and Pi U Pi U Pi the corresponding normalization. Now the sheaf tt^,{Oy) can be identified with 
the Op^ module, which is generated by 1, z//A, z/^/A^. Then the direct image of the structure 
sheaf ofY' is the O^^ module generated by 1, z/, z/^/A. The degree of Ob^^^^^^^^ is equal to 4. The 
sheaf Oix^g) is generated as an Oyi module by 

^ .V , ,,z/^ z/(z/ — A) 
1,6- + (a + 6) — , ^ ' 



X ' 'A2'2A-a-26 
Hence the first summand of the divisor D{q) defined above is equal to 

(0,l).(^,e.p(^)). 

The second summand of the divisor does not depend on a and b. This shows that the Darboux 
coordinates of these potentials are the same, if the value of a + 2b is the same. Furthermore, 
the Oyi module OD{q) is not locally free at the singular point with A = 0. 



In the eighth section Lemma |87^ may be extended in the obvious way to the general situation. 
Theorem 0| and its proof generahzes to the case in which Ob „ .■ is equal to Ob , , ■ ■ The 

I 1 ^ ^ "eitective ^ "algebraic 

statements (ii) and (iii) of Theorem ^.5| are valid for all potentials q and the corresponding 
possibly singular Riemann surfaces Y'. The other statements must be replaced by 

(iv)' Let C-^ be the subspace of TgH°° of all elements 6q, such that the symplectic form of 6q 
with all elements of Cq vanishes. Then is contained in Cq. 

(i)' There exists a homomorphism^ of vector spaces dTg : if^ ^^^^^^^^(y , C) — > C-^ which is 
uniquely determined by the property that for all [/] G -f^g,modified(^'; ^) 

|^(dr,([/]) = 5v, 

where Sv was defined in Lemma B.2L 
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If n = 2 this homomorphism can be proven to be an isomorphism. In general this is not true, because locaUy 



there may exist additional flows (compare with Example 10.7.) Moreover, in some sense the codimension of the 



image of the map dTq in Cq is equal to the degree of Of, , , . minus the degree of Of, „ 
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In the ninth section Theorem |9]^ may be generahzed in the obvious way. 



Theorem 10.4 Let q satisfy the reality condition q* = —q. Moreover, assume that the excluded 
domains of some Ui^^ of the corresponding Riemann surface Y' have asymptotically no overlap. 
Then this Riemann surface Y' has asymptotically no singularities; this means that the effective 
branching divisor is asymptotically equal to the analytic branching divisor. 

Proof: Due to the assumption that the excluded domains have asymptotically no overlap, over 
some neighbourhood f/ of A = oo of Pi the Riemann surface Y' can only have ordinary double 
points as singular points. More precisely, two points of Y , which are identified in Y' must be 
covering points of the same A G C. Since the effective branching divisor ^effective is a fixed point 
of 6, the value of A at such an ordinary double point must be real. On the other hand the 
equation 

^effective = Diq) + e{D{q)) + {9* {v {q))v {q)) 

shows that on 7r^^(M) all multiplicities of ^effective are even. This proves that Y' has asymptoti- 
cally no singular points. □ 
Due to this theorem in the rest of the ninth section the singular Riemann surface Y' may be 
considered as a non-singular Riemann surface over some neighbourhood f/ of A = oo of Pi 

remain 



together with finitely many singularities over Pi \ U . Proposition p.4| and Theorem p75 



valid, if X is replaced by Xefjective- In general, all statements and proofs of the ninth section 
may be extended to the case Oh^^^^^^^^ being equal to C^fe^^^j^^.^. Then it is obvious that the 



statements of Theorem |9.1CI| and Corollary p.llj generalize to: 



Theorem 10.5 // the excluded domains of some Ui^^ have asymptotically no overlap, the ac- 
tion of (R/z)-^efrective on any point [D] G Jacobiang^{Y') induces a homeomorphism between 
(R/z)-^efrective timcs finitely many copies of a finite dimensional abelian Lie group and J acobian^iY ') 
Moreover, the holomorphic forms (cuj^gi define an embedding of the real part -f^l modified ^) 
of any -f^g modified (^5 ^) onto a subspace 0/ M'^eff'ective ^ which is mapped under the exponential map 
onto (m/z)~ 



effective 



Corollary 10.6 // the excluded domains of some Ui^^ have asymptotically no overlap the group 
(M/z)'^effectivc timcs a finite dimensional abelian Lie group acts on each connected component of 
Isospectral^iY') transitively and freely. Moreover, the action on any potential q G Isospectral^{Y) 
induces a homeomorphism between the connected components of Isospectral^iY') and (M/z)-^cffective 
times a finite dimensional abelian Lie group. Finally, for any q G Isospectral^{Y) there exists 
an embedding from C,-^^ onto a subspace of R-^effective times the Lie algebra of the finite dimen- 
sional abelian Lie group mentioned above, and which does not depend on q, such that the flow 
induced by the Lie algebra element in R^effective times the finite dimensional abelian Lie algebra 
corresponding to some 6q G C-^^ is smooth in 7i°°, and the derivative at t = is equal to 6q. 
This action of Cq^^ on Isospectral^iY) is also transitive on the connected components. 

□ 

From the point of view of Riemann surfaces the union of all the Jacobian varieties 

U JacobiiY') 
Y'es 
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is the completion of the Jacobian variety of the most singular Riemann surface yaigebrak, the 
algebraic curve defined by the equation R{X, /x) = 0. In fact, in case of Riemann surfaces of finite 
genus this is a compactification of the generalized Jacobian variety (compare with |pS[). The 



Jacobian variety of Riemann surfaces of infinite genus is not compact any more. Nevertheless 
the generalized Jacobian variety of a singular Riemann surface of infinite genus is a metrizable 
space and has a completion. The real part of the Jacobian variety of a Riemann surface 
of infinite genus is compact and the real part of the completion of the generalized Jacobian 
variety of a singular Riemann surface of infinite genus should be compact too. This space is 
homeomorphic to the subspace of all potentials q, such that det(/il —F{X, q)) = R{X, fi). From 
the point of view of integrable systems, all Lagrangian subspaces decompose into the union 
of invariant subspaces under the action of ifj^o<jjfig(j(Yaigebraic, C^*), where Yaigebraic is the most 
singular Riemann surface described by the equation i?(A,/i) = 0: 

[J Isospectral(Y') = [J JacobianoiY') . 
Y'es Y'es 

Note also that the action of these Lie groups on these subspaces is given by hamiltonian flows. 
If this is a countable union, there can't exist further integrals of motion, which correspond 
to additional flows. If n is equal to 2, Proposition |10.1| proves that this is the case. If we 
restrict our attention to the real parts of these isospectral sets, there exists a group, which 
acts transitively on these components. Furthermore, the real parts of the decompositions of 
the Lagrangian subspaces are equal to the real parts of the decompositions of the completion 
of the generalized Jacobian variety of Yaigebraic- Finally let us present an example, where S is 
not a countable set such that locally some more integrals exist. These additional integrals of 
course do not extend to any open set of the symplectic space. 

Example 10.7 Let n = 4 Q and p = diagonal{2, 1, —1, —2). We consider the constant poten- 
tials 



( ° 


a 


b 










d 


e 











/ 


I 








/ 



The corresponding action of the finite dimensional Lie group is given by 
X ^ C^(tl,...,^6) 

X (a, b, c, d, e, /) ^ (a, b, c, d, e, /), with 

d = exp(ti)a 

b = exp(ti + t2){b + (3^4 + 6tQ)ad) 

c = exp(ti + t2 + t3){c + 4:t^{ae + bf) + Ueiae - bf) + (12t| + - I2tl)adf) 
d = exp{t2)d 

e = exp(t2 + t3){e + {St^ - &tf^)df) 
f = exp{ts)f. 

This action decomposes into several orbits with different dimensions: 

1. If a ^ 0,d 0, f there is a six dimensional orbit, which is dense. 
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There exist more complicated examples for the case n — 3. 



A BOREL SUMMABILITY 



81 



2. If a = 0,d ^ 0, f ^ 0,b ^ or a ^ 0,d ^ 0, f = 0,e ^ there is a five dimensional orbit. 
In both cases the fifth flow is trivial. 

3. // a 7^ 0, (i = 0, / 7^ 0, 6 7^ 0, e 7^ there is a one dimensional family of four dimensional 
orbits. Again the fifth flow is trivial and the fourth and sixth flows may be transformed 
into each other. The expression ae/bf is an additional integral of motion. 

4- // a = 0, (i 7^ 0, / = 0, 6 7^ 0, c 7^ 0, e 7^ the fourth, the fifth and the sixth flows are 
trivial. Hence there is a one dimensional family of three dimensional orbits. The value 
of be/ do is an additional integral of motion. 

5. Some more orbits of lower dimensions. 

Due to the third and fourth case the set S of singular curves corresponding to this spectral curve 

R{\, fi) = {fi — exp(— 2A))(/x — exp(— A))(/i — exp(A))(/i — exp(2A)) 

is not countable. Let us now consider the third case in some more detail. Like in Example \10.3 
we can define the singular Riemann surface with the help of the singular curve Y defined by the 
equation 

{u - 2A)(z/ -X){u + X){u + 2A) = 0. 
The normalization of this curve is the four-fold covering Pi U Pi U Pi U Pi of Pi ; 

P 

Pi U Pi U Pi U Pi = F Y 

Pi 

The O^^ module 7r*((9y) is generated by 1, z//A, z/^/A^, i/^/A^. Furthermore, the submodule 
71"* (^1^0 generated by 

1, z/, i/^ z/^ (ae - - (^e + ^^)^■ 

There exists an additional flow on Isospectral{Y') corresponding to the additional integral of 
motion. Hence in this case the image of the homomorphism rfF^ : H^.^^^^f^^^{Y',0) is 
not equal to C^. 

A Borel summability 

In this Appendix we want to prove that equations @ and (§) estabhsh a one to one correspon- 
dence between formal power series 

oo 

q{x) = ^ qix^ + 6o, with g„ an offdiagonal matrix for all / G N, 

1=0 
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and 60 due to Assumption |4.8| a fixed diagonal matrix, and formal power series 



1 + ^ a^A"", with offdiagonal matrix for all m G M. 



m=l 



Furthermore, we will show that the formal power series q{x) defines a analytic function in some 
neighbourhood of the point x = 0, if and only if the power series I]m=i OmA~™/m! defines an 
analytic function in some neighbourhood of = 0. Hence the power series Z]m=i '^m(^)A~™ 



of Theorem |2.4| is Borel summable at some point x G M if and only if q[-) is analytic at this 
point a; G M. Moreover, the asymptotic expansion of v near infinity completely determines the 
potential g, if and only if q is analytic. 

Now let am{x) = J2'^o '^mjx^ and YaLq bm,ix^ be for all m G N formal power series, such that 
am,i are offdiagonal matrices and fo^.i are diagonal matrices. The equation 

[aAf+i(x),p] + 6m (a;) = 
= — J h [ai{x),p]aMix) + [bo,aMix)] - J2 0'mix)bM-niix) (15) 

"•^ m=l 

completely determines all the formal power series aM+i{x) and buix) in terms of the power 
series ai(a;), . . . , aM{,x), 6i(a;), . . . , bM-i{,x). The inductive use of these equations determines the 
formal power series aM+i{x) and bM{x) for all M G N in terms of the power series ai{x). Then 
equation (H) 

q{x) = [ai{x),p] + 60 

shows that the formal power series 

00 00 

1 + «mA-"^ = 1 + E «™(o)A-™ 

m=0 m=0 

is completely determined in terms of the formal power series q{x). 
On the other hand the equation 

= - [&o,oi?(a:)] -E ( f ) ([4'Hx),p]a£-')(x) + j:^a(i)(x)6£lj , (16) 

where the superscript denotes formal derivatives with respect to x, determines the (L + 1)- 
th derivative of the power series aM{x) and the L-th derivative of the power series bM{x) in 
terms of derivatives of order at most L of ai(x), . . . , aM+i{x), bi{x), . . . , 6a/_i(x). The induc- 
tive use of these equations determines all derivatives of the power series ai(x),a2(x), . . . and 
6i(x), 62(3;), . . . in terms of the power series ai(x), a2(x), . . .. In particular, all derivatives of 
the power series ai{x) at the point x = are completely determined by the formal power 
series 1 + 1]^=! Om(0)A~™'. Hence the formal power series q{x) = [ai{x),p] + 60 is completely 
determined by the formal power series 1 + Z]m=i cfm(0)A~™. This shows the one to one corre- 
spondence between these two formal power series. 
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Now let us assume that g is a holomorphic function for all |x| < -R^^ and bounded in norm 
for all |x| < Rx by some constant C > 0. Due to Caucliy's estimate ||Co|| all coefficients are 
bounded: 

If we define the degree of the l-th derivative of q to be equal to / + 1, the recursion formula (JT^) 
shows that aM+i{x) and hM^x) are homogenous differential polynomials of degree M + 1. Now 
let a > 1 be a real number greater than l/\pi — Pj\ for all n > i > j > 1 and let the numbers 
{lm)mm be defined inductively by 



7a/- 



-1 = " ^^AJ + Yl 7m7M+i-m and 71 = (7 + \\ad{hQ 

rn=l J 



Then the recursion formula (|T5D implies inductively that 

||aA/+i(0)|| < 7A/+1 and ||6Af(0)|| < 7Af+i- 

It is easy to see that 

7a^+i < M\{C + \\ad{ho)\\) ((C + ||ad(6o)|| + V 
This implies that for all 



a(i?,(C + ||arf(6o)ll) + l) 



the power series 1 + Sm=i O'm(0)A ™/m! defines a holomorphic function. 

Now let the real positive numbers aj^^^ and (3^j^^ satisfy the recursion relations 

II "m^^^ = \\0'd{p)\Wti+i + ||arf(&o)||ttM +/^A? (17) 



= E f 1 1 fll«^(p)ll"l'^«i^'^ + E'«^^/?ttf 



Z=0 \ ^ / \ m=l J 

Then the inductive use of equation (|16|) implies that the following estimates hold 

II ai? (0)11 < a\i and ||&£"^^(0)|| < /J^"^^ for all M, L G N, 

whenever ||aA//(0)|| < for all M G N. If 1 + E^^=i am(0)A-'" is Borel summable, we may 
assume 

„ , ,„ C(m-l)! 
||a^(0)||< ^ / 



with some i?A > and C > 0. Hence we set 



.(0) 



C(m- 1)! 



R 
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Now we claim that due to the recursion relations ( p!7D and ( [T8| ) the following estimates hold: 



for all M G N, L G Nq. For the proof of the claim we first note that for all L G No, all < / < L 
and all M G N \ {1} 

For M = 2 this is obvious, and for M > 2 it follows by induction in M. This implies that 
Ef t 1 EV + ^-l)!(M + L-m-/)!<i^^^4^. 

i=0 V / m=l ^ 

Furthermore, the following estimate is obvious: 



^-(M + L - / - 1)! < (M + L)\. 

With these estimates the claim is an easy calculation. This claim directly shows that q{x) = 
[ai{x),p] + bo defines a holomorphic function on some neighbourhood of x = G C, if the 
formal power series 1 + I]m=i '^m(0)A~™' is Borel summable. We want to remark that this 
result cannot be proven with the well known theorem of Watson ||W-W|| , which gives an explicit 
formula to reconstruct a holomorphic function out of his asymptotic expansion, if the asymptotic 
expansion is Borel summable. But there is another way to prove it. In fact, the method of 
Segal and Wilson ||S-W|] to produce solutions of the Korteweg-de Vries equation with the help 
of the Birkhoff factorization can be generalized to this situation. In |[H-S-S|| there was given a 
modification of the usual Birkhoff factorization (see e.g. [P-S|| ) in order to cover more solutions 
of the Korteweg-de Vries and nonlinear Schrodinger equations. It is possible to go further in 
this direction: 

- Let L"GL[n, C) be the group of all formal power series 

oo 

(7_(A) = 1 + ^ amX~^, with n x n-matrices for all m G N, 

m=l 

such that J2m=i amA~'"/m! defines a holomorphic entire function in A~^. 

- Let L~^GL{n, C) be the group of holomorphic entire functions 

g+:C^ GL{n, C), A g+i^x) of type 1, 
i.e. (7+ is asymptotically bounded by 

||5'+(A)|| < exp(a;|A|) with some a > 0. 
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Then the product of elements of L GL{n,C) with elements of L^GL{n,C) is well defined. 
Moreover, let LGL{n, C) be the group of invertible elements 

9i\) = E 

mez 



such that 1 + J2n 



a.. 



lA'" is an element of L GL{n, C) and J2m=o '^m-^'" defines an entire 



function C n x n-matrices of type 1. Then the BirkhofF factorization (| )F-|j| , Theorem 8.1.2]) 
can be carried over to this modification of the loop group of GL{n, C). With the help of this 
Birkhoff factorization one can reconstruct the potential g(-) out of the asymptotic expansion 
1 + E^=i am(0)A-'^ defined in Theorem U (see [iEHl)- 

In | Sch | it is shown that all higher flows of the Korteweg-de Vries and nonlinear Schrodinger 
equations correspond to the series of hamilton functions, given by the asymptotic expansion of 
ln(/i) in terms of of Theorem |2.6| . Hence the statement of this Appendix is related to a 



statement ||MK-T-1] , Theorem 10.1] of McKean and Trubowitz, which gives a condition for the 
spanning of the 'tangent' space of the isospectral sets in the sense of Section H by all the local 
flows. 



B Another reality condition 



In this Appendix we indicate, how to treat other reality conditions in a fashion similar to 
that of Section In the case of the nonlinear Schrodinger equation two reality conditions are 
known: the so called non-focussing and the self focussing nonlinear Schrodinger equation. We 
will see that these two reality conditions are related to the two covering maps induced by A 
and /i, respectively. In fact, let us now consider the reality condition corresponding to the 
covering map induced by /i. For the nonlinear Schrodinger equation this corresponds to the 
non-focussing case. The methods of ||MK-'1-1| can be carried over to this case, but we will give 
a different approach. 

For this purpose we assume that the matrix p is invertible. Otherwise the transformation 
p pa + 1 corresponds to the transformation (A,/i) i— > (A, /i exp(— aA)) without change of 
the Riemann surface, as mentioned in the proof of Theorem |7.3| . In addition we assume that 
Pi, . . . ,Pn are imaginary numbers. Then the Lax equation can be written as an eigenvalue 
equation 

/ d 



-1 



q{x)p (j){x) = X(j){x) 



(19) 



/ 01 (x) \ 



for a vector valued function (h(x) 



With the domain given as the set of absolutely 



V (t>n{x) J 

continuous differentiable functions, such that 0(1) = /i0(O), the operator 



dx 



p- 



q{x)p 
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extends to a closed unbounded operator (see e.g. |[R-S|| ) of the Hilbert space -^^^([0, 1],C") of 
square integrable functions with the scalar product 

1 

(f)*{x)(f){x)dx. 

Moreover, if = 1 and {q{x)p~^)* = q{x)p^^ this operator is essentially self-adjoint. Hence 
we introduce the reality condition 

pq + q*p = 0. 
The solution of the eigenvalue equation is given by 

(f){x) = pg{x,X,q)p~^(j){0). 

The boundary condition requires 0(0) to be an eigen vector of pg{l, A, q)p~^ with eigenvalue /x. 
Hence the equation 

R{X, /i) = det(/il - ^(1, A, g)) = 

describes the eigenvalues /i of g{l, A, q) and -F(A, q) depending on A, as well as the eigenvalues 
A of the unbounded operator L(/i) depending on /i. From the second point of view -R(A, yu) = 
describes an infinite-fold covering over G C \ {0}, such that all covering points of some 
yu G C \ {0} fit together to form the spectrum of L{^). The reality condition implies 

L*{fi) = L for all G C \ {0}, 

since L{^) is an unbounded operator valued holomorphic function. We leave aside the analytic 
aspects of such functions and let us just transform the reality condition into a condition on 
g{x, A, q). Let U{p) be the Lie subgroup of GL{n, C) which fixes the hermitian form defined by 
p: 

U{p) = {geGL{n,C)\g*pg = p}. 
The corresponding Lie algebra is given by 

u{p) = {a G gl{n, C) \pa + a*p = 0}. 

Then the reality condition is equivalent to the condition that q{x) + p\ is an element of u{p) 
for all real A. This implies that g{x, A, q) is an element of U{p) for all real A. More generally, 
the following relation holds: 

g*{x, A, q)pg{x, X,q) = p for all A G C. 

Hence we have 



R I^A, -^j = det (^^1 - ^(A)j = det (^^1 - pg'\X)p'^ 



' ' 'J (-f,)"det(9(A)) (fi)»fl(A,0)' 
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Again we have an antilinear involution of the Riemann surface Y: 

e-.Y ^Y,{x,fi)^ (\,^y 

Let us now find a condition on the divisors, which is equivalent to the reality condition. For 
this purpose we carry over equation ( pUj ) to the case of the covering map induced by fi. The 
solution of the eigenvalue equation with quasi-periodic boundary conditions is given by 

(f)(x) = TT*{pg{x, ■,q)h^^)v. 

For the transposed eigenvalue equation 

-r''P{^)p '^ ~ q(x)p~^ip(x) = Xi/jix) (20) 
ax 

for a vector valued function ip{x) = {ipi{^)y ■ ■ ■ ^i^nix)) with boundary condition ip{l) = ^'^/'(O) 
we have the solution 

^(x) = wTT*{hog~^{x, ■,q)). 
Hence the analogous operator P of Lemma ^]5| is given by 

Jo^{x)x{x)dx 
Jq ilj{x)(l){x)dx 

Similar to Lemma [4.5| we have: 

Lemma B.l (i) = p 

(ii) L{i2)P = PL{fi) = XP. 

(ill) X/shects of the covering map induced hy fi ^ ■ 

(iv) The divisor of P is equal to —b^, the branching divisor of the covering map induced by fi. 

We only want to indicate the proof of this lemma. The first two statements may be verified 
directly. If L{fj,) is normal, the statement (iii) is a consequence of the spectral decomposition of 
L(/i). Since both sides are meromorphic functions, this implies (iii). In the proof of Lemma 
we used the fact that 

1 rl 

ijj{x)(f){x)dx = / wn*{hQg^^{x, X,q)pg{x, X,q)hQ^)vdx = 



.dF{X,q) Idfi 

-wF (A, q) — V = -jT^v. 

oX /i dX 



The divisor of the meromorphic function /i ^ is equal to the branching divisor of the covering 
map induced by /i minus the branching divisor of the covering map induced by A. A similar 



argument to that in Lemma now shows (iv). □ 
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For all matrix valued meromorphic functions / on Y, let 6*{f) again be the function 6*{f) = 
(/ o 6)*. As we saw above, the reality condition implies 

F-i*(A,g) = hoph^'Fi\,q)hop-'h^\ 

Then we have 

9*iv)hoph,'n*iFi;q)) = 9*iv)9*in*iF~\;q)))hoph,' = iiO* {v)h,ph-\ 

Thus the reality condition transforms to the relation: w = 6*{v)hQphQ^ is a solution of (P), 
if and only if v is a solution of (^. Of course this is not compatible with the normalization 
Vi = 1 = Wi- Hence we choose another normalization: For every potential q let 4>{x) and tplx) 
be the unique solutions of ( [T^ ) with boundary condition 0(1) = 0(O)/i and with boundary 
condition ip{0) = fi^^ip{l), such that I]r=i0j(O) = = I^iLi V'j(O); respectively. Due to this 
normalization and ip can be considered as L'^{[0, 1],C") valued meromorphic functions on Y 
with no zeroes. If v and w are the solutions of (|^) and (|^) with normalization vi = 1 = Wi, 
respectively, and ip are given by 

(j){x) = 7C*{pg{x, -, q)ho^)v 

^(x) = WTT*{hog'^{x, -,5)). 
Hence the reality condition transforms to the condition 

0(x) = r(^(x)) = e*iwn*ih,g-\x, 

It is obvious that the divisor of ip is equal to —D^{q) and the divisor of is equal to ~D{q) — 
{{hophQ^v)i). This function takes the values p\^fn^ . . . ,Pn^/n at the covering points of infin- 
ity. Therefore it does not define an equivalence relation in the modified sense. As a direct 
consequence of Lemma p.l| we have 

(0) + W + (/^' V^(x)0(x)rfx) = b^. (21) 

With the normalization given above the function ^jj(x)(j){x)dx is equal to 

1 dfi wv 

/J, dX {whQphQ^v)i 

This function takes the same value at all covering points of infinity. Hence it defines an equiv- 
alence relation in the modified sense. Now we can state a theorem analogous to Theorem |9.3|: 



Theorem B.2 In general the set of fixed points of the involution 6 decomposes into several 
connected component^. If a meromorphic function f gives an equivalence relation in the 



^^In the hyperelliptic case n = 2 it is more convenient to use the antiUnear involution (A,/i) — > (A, /l). The 
number of the connected components of the set of fixed points of both involutions is equal to the genus of 
the Riemann surface plus one. Such Riemann surfaces are called M-curves (see e.g. [Kr-2|). Then the reality 
condition simplifies to the condition, that the divisor is invariant under this involution. 
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modified sense between D + 9{D) and h^, then on each connected component of the set of fixed 
points of the involution 9 this function is either non-negative or non-positive. Hence the real 
part of the Jacobian variety 

Jacobian^iY) = {[D] G Jacobian(Y)\D + 9{D) ~ 6^ in the modified sense } 

decomposes into several connected components being characterized by the sign of f on each 
connected component of the set of fixed points of the involution 9. Now let Jacobian^ ^iY) be 
the connected component of Jacobian^iY) corresponding to the case that f is non-negative on the 
whole set of fixed points of the involution 9. Then Jacobian^fi{Y) is contained in Jacobiano{Y) , 
and Tx acts on this subspace. Moreover, a potential satisfies the reality condition pq + q*p = 
if and only if the inverse of the restriction of the divisor of (p to 7r^^(c) with the normalization 
given above is an element of Jacobian^^iY) . 



The proof is quite similar to the proof of Theorem |9.3| . We only indicate the modifications. If 
il) is equal to 9* {(f)) the function Jq ilj{x)(f){x)dx is positive on the set of fixed points of 9, and 
the inverse of the restriction of the divisor of to 7r~^(c) is an element of Jacobian^fi{Y). On 
the other hand let / be a function, such that (/) gives an equivalence relation in the modified 
sense between D + 9{D) and 6^. Then 9*{f)/ f is a holomorphic function of Y, which is equal 
to 1 at all covering points of infinity. Hence 9*{f) is equal to / and / is real valued on the 
set of fixed points of the involution 9. Moreover, / can only have zeroes of even order on this 
set. Then / is either non- negative or non-positive on each connected component of this set. 
Now let /io be any value with |/io| = 1 and let g be any cross section of Od_^^i(^oo)- Then the 
total residue of the form 9*{g)gf{fi — fio)~^dfi converges to zero. This again shows that D is 
non-special in the modified sense, if D is an element of Jacobian^fi{Y) . The rest of the proof 



is the same as the proof of Theorem |9.3| . □ 
Finally we want to mention that Theorem ^]3| and Theorem |B.2| are related to the following 
fact: Let LG, L~G, L^G be the subgroups of LGL{n, C), L~GL{n, C), L~^GL{n, C) of elements, 
which obey the relation 

g*(X) = g-\X) for all A, with |A| = 1. 
Then the Birkhoff factorization defines a diffeomorphism onto the whole of LG: 

L'G X L+G LG, ig-,g+) ^ g-g+. 
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